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I. INTRODUCTION
The object of this study is to test a series of methods for integrating
nonlinear coupled differential equations. By applying each method to the
same set of equations and by programming all on the same computer (the
Burroughs B-5000) a comparison in terms of speed and accuracy of the different
methods is obtained.
The set of differential equations chosen for the test are the equations
of motion of an earth-moon satellite_ using the simplifying assumptions that
the earth to moon distance is constant and that the satellite remains in the
plane of the lunar orbit. The advantage of these particular equations and
conditions is that periodic orbits are known for this system and a check for
periodicity will give a guage for the accuracy of a method.
The methods to be used are the following:
(A) the single step Lie Series method of Groebner
(B) the predictor-correctormultistep method of Cowell
(C) the predictor-corrector multistep method of Adams
(D) the single step method of Runge, Kutta, and Fehlberg
(E) the single step method of Runge, Kutta, and Shanks
Each of these methods is described in detail in separate sections.
if.ABs c 
This study was an examination of various methods for integrating non-
linear coupled differential equations. The methods used were the following:
A. the single step Lie Series method,
B. the multistep Cowell method_
C. the multistep Adams method_
D. the single step Runge-Kutta-Fehlberg method_
E. the single step Runge-Kutta-Shanks method.
Each of the methods is discussed in detail in this report.
The above methods were applied to the restricted three body problem.
In particular, Arenstorf orbits of the restricted three body problem were used.
The error in the methods was checked by noting the degree by which the
initial conditions failed to be reproduced at the end of one complete period.
Programs for each method were written in double precision floating point
arithmetic (23 decimal places) in Extended Algol for the B5000. A series of
runs were made on three different Arenstorf orbits at various orders from 7 to
16 and accuracies from 10 -12 to 10-16. These results are presented in Tables
V, VI, and VII.
The conclusions reached were that each of the methods, except that of
Cowell, could be considered effective_ but the methods of Runge-Kutta-Shanks
and Runge-Kutta-Fehlberg were the best. At the highest accuracies and orders_
where Runge-Kutta-Shanks formulas are not available_ the Runge-Kutta-Fehlberg
method was superior. _ _
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llI. THE RESTRICTED THREE-BODY PROBLEM
The various methods are applied to a particular problem known as the
restricted three-body problem. Here three masses are assumed to attract
each other by an inverse square force but one of the masses is considered
small enough so that its influence on the motion of the other two can be
neglected. It is also assumed that the motion takes place in a plane and
that the distance between the two massive bodies remains fixed. This problem
is of special interest since Arenstorf [i] showed the existence of periodic
orbits for this system. Many of these orbits are known and can be used as a
check on the accuracy of the integration method. In the rotating coordinate
system in which the two massive bodies appear to be at rest, the equations
of motion for the restricted three-body problem are
= x + 2# - _'
(x-
- ((x-#') 2+y2) 3/2
_=y-2i- _' Y
3/2
Y
((x-_') 2+y2) 3/'2
Here the two massive bodies are located on the x axis with the center of mass
of the system at the origin, _ is the ratio of the mass of the body located on
the positive x axis to the mass of the entire system, and _' is the ratio of
the mass of the body located on the negative x axis to the mass of the entire
system (_+_'=i). The units of distance here are chosen so that the distance
between the two massive bodies is unity, and the unit of time is chosen so
that the angular velocity of the rotating reference frame is unity (period
= 2_).
In this project _ was selected as about 0.012, the approximate value
for the earth-moon system. The three orbits that were used to test the various
methods are pictured in Figures i, 2, and 3, and will be referred to as orbits
i, 2, and 3, respectively. Orbit i is an example of an orbit that comes
relatively close to the earth but not close to the moon,while orbits 2 and
3 toth comeclose to the moonbut not so close to the earth.
The initial conditions for the Arenstorf orbits are obtained by tri_l
and error correcting of half orbit runs. The periodic orbits are knownto be
symmetric with respect to the x-axis. Starting with initial conditions of
x = x0, y = 0 and _ = 0, Y0 is _ried so as to make_ _ 0 (reduce I_I below
somepreassigned value) at someparticular x-axis crossing.
Both the Adamsand the Shanks methodswere used to obtain initial
conditions for each orbit. The two methods agreed with each other on what
the initial conditions should be in each case to 19 significant figures. An
average of the initial conditions obtained by the two methods was then used
and is probably good to 20 significant figures for each orbit. It should
be noted that even if the starting values are correct to 20 significant figures
the error at the end of a complete orbit maybe larger than this; for example,
in orbits 2 and 3 a changeof 10-19 in the initial values produces a changeof
10-17 in the final values. In any case the initial conditions were at least
good enough to allow a return to the starting conditions to within better than
5 x 10-17 for orbits 2 and 3, and 5 x 10-19 for orbit i, independent of the
method used for the integration.
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Figure i. Orbit Number i.
The initial conditions and parameters for this orbit are:
x0 = 1.2
YO =0
Xo =0 ,
#0 = - 1.04935750983031990726 ,
= 0.0121285627653123104912068
period = 6. 19216933131963970674
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Figure 2. Orbit Number 2.
The initial conditions and parameters for this orbit are:
x0 == 0.994 ,
yo =0
Xo =0 ,
YO = - 2.03173262955733683566 ,
= 0.012277471 ,
period = ii.124340337266085135070
i0
MFigure 2. Orbit Number2.
ii
Figure 3. Orbit Number 3.
The initial conditions and parameters for this orbit are:
x 0 = 0.994 ,
Yo=O ,
Xo =0 ,
YO = - 2.11389879669450266823 ,
= 0.012277471 ,
period = 5-43679543926018996897945
12
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IV. INTEGRATION METHODS
A. The Lie Series Method of Groebner
i. Description of the Method
The differential equations of the restricted three-body problem in
the rotating coordinate system are
_--x+2#- _'
(X- _')
-_ 3/2 '((x-_') 2+y2)
= y - 2_ - _'
Y
((x+_)<_) 3/2
Y
- _ ((x-.')<_')3_2S" '
where U' = i - _.
The initial conditions will be written as
x (o)_ xo ,(o) - *o '
y (o) - Yo _,(o)- _'o
It is convenient to introduce the following vector notation:
x = U = _ -
y _
e = u - _+
0 - - -
a -x+_e -x- B ,
a = I_1 b -I_
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_ne equations of motion are then written
x+2_ + _ _'
a
with initial conditions
--9 -_ --9
x (0) _= x0 and _ (0) __ u0
To express the Lie Series it is further convenient to introduce the
operations
Dl_U
_ _ _t
D - D I + D2 ,
where
and _ is yet to be chosen. The derivatives of interest are of the form
D_ _and. D2- D_which for _ from 0 to 3 are:
D 0 -_ -_
x = X
D 1 --_ --_
x = U .,
D2 -->X =
16
and
DO -*
D2 x -- 0 ,
D2 D I-*X = _
D2 D2 -*X = 2_ +
x = -35 > a3 [5>- 3 _ _]
- _ --9[_- 3 S._] _--_ ,
b3
where
= -51 _ a ' b "
The Lie Series solution can then be written
-,. t' ,_T)_
(t') + _, ft0 (ts_x (t') = xa (z=l
t !
u-** (t') = -*Ua(t') + 0_i_' ft0 (t'-T)_-l(5-I)'
xa (t dT
t=T
xa (t dT
t=T
where
x (t) = _ (to) + 7, 5! _ (t
a 5=1
t=t 0
t-t0)5-1 _ "I
-* (t) = _ (to) + _, ( 5 _ (t)
Ua 5=2 (5-1 ! t=t0
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Written out explicitly for _ running up to 3 this gives
-_ _ (_') +
x (t') = a__ tIf 0 t!-T) _a (T) + (t'-T)22:
(t'-T) 3+ 3: _a(T d T
u*(t') = U-->a(t') +
t' _ft0 (T)+ (t'-T)2_a+(T)
--I
(t'-T) 2 _ I
2! Tla(T)j d T
+
(t-t0)2
2:xa(t) = _(t O) + (t-t 0 ) _ (tO ) +
 t_to,3+ 3' _(t ,
• t-t0
u 2!_a(t) = (to) + (t-t0) _ (t +
t=t 0
(t-t0)2
t=t 0
I_ (t)l t=t 0
-.9 --_
It should be noted here that _ ('T) and _a(T) are _ and _ evaluated at x ('T).
a a
As yet _ is undefined; it is to be chosen so as to give the best possible
first, approximation to _. In this work _ was chosen as
tt=t 0 t=t 0
i.i. Evaluation of the Integrals
The evaluation of the integrals in the Lie Series was accomplished
by approximating
18
g_(T)d
by
(t-t 0) _+i c
Z
k=0
Cakc_ g_ (t O + k (t-t0)/_)
where
c
-- Z
_=k
v! A_ (.1)v+k
and the A
c
v_
are given by
A _
00_ = i
A. O" =
A C _ O"
20_ 2 (_+2)(_+3)
3_
(_ 3(_2-3_(_+4)+(o_+3)(cz+4)
3 (_+2)(_+3)(c_+4)
c
AL_
z2o3-18a2(_+5)+li_(_+4)(_+5)-3(_+3)(_+4)(_+5)
12 (_+2)(_+3)(_+4)(_+5)
This is equivalent to a Newton-Cotes integration of degree _.
when _ = 2 it is equivalent to Simpson's rule.
1.2. Error Estimates
The estimate of the error in _ is given by
For exampl%
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or
_(t) = _ *(t) - _a(t) - ft _ (t-T) c_-2
to
_(t) = _*(t) - _ (t) - ftt0 _+a (T) + (t-T) -_a(t) d T
t----T
d T
where again (T), +(T) and _a(T) are to be evaluated at _a(T).
estimated error in the velocity and position are respectively
_(t) - (t-t0) _(t) and _(t) -" (t-t0)2 _(t)
2O
The
The integrals in the error terms are carried out in the same way as described
in the previous paragraph on integration.
1.3. Step Size Control
The step size control is based on the set of constants T_ T I,
.
T2, T , Tk and Tmax.
At the end of a step no change is made in _t if
p _< TI and q _< T2
and either p > 7 or q > T
Otherwise the step size is changed by the relation
Atlast T*
&tnext _--_ (3 +_-_ ) .
In the above criterion
2O
7 -- (Yl + Y2 )/2 '
7 =7+7 k ,
l if p _> q7k -- <
2
and R = maximum of p and q. This results in the maximum increase or decrease
At at any step being _ or _ respectively of the previous At.in
The constants 71 and Y2 are selected on the first step by halving the step
size until ]P_ < 7max and assigning 71 = p and 72 = q. The constant Ymax is
an input constant.
While there is some theoretical foundation for this system of step size
control it is to a large extent empirical.
2. The Lie Series Computer Program
The program itself is written in double precision (23 decimal places)
arithmetic for the Burroughs B-5000 in a language called "Extended Algol for
the B-5000." This language is close to Algol-60 except that all double precision
arithmetic is written in Polish prefix notation. There are no unusual hardware
requirements. The program will run on a minimum B-5000 system.
The program assumes that all orbits will start on the x-axis (axis of
symmetry for the orbit) with the x component of velocity zero, and will return
reasonably close to the starting point.
2.1. Closing an Orbit
The orbit is completed by first running to the end of the period
(as given on input data card no. 7) and then interpolating to a time that would
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give y -- 0. The error in closing the orbit can then be taken as either the
error in x, y, _, and # or the error in x, _, # and the period.
2.2° Searching for Improved Initial Conditions
At a time close to the half period (as given by the input data)
a search is made for a crossing of the x axis in a direction specified by data
input card no. 4. The time interval is then reduced until a value of y is
found such that IYl _ _i/16. The value of _ at this point and the value of
on the previous half orbit are used together with the initial # of this and
the previous orbit to do a linear interpolation for a new initial # that will
further reduce the magnitude of _. Half orbits are run until I_I _ 16_2.
2.3. Data Output
The following is a description of the output:
The first line printed is the information on the first six cards of the
data input together with identification of each item. Here _ is referred to
as SIGMA, _max as GMAX, and At, the initial trial step size as DT.
The orbit information is printed at every N steps, where N is indicated
on the _ata input card no. 5, including the zeroth step (initial values). The
information printed out is:
the step number (labeled STEP),
the processor time in seconds (labeled TIME),
the estimated error in _ (labeled P),
At for the step just taken (labeled DT),
the x position coordinate (labeled X),
the y position coordinate (labeled Y),
the time, t, for this position (labeled T),
the velocity, _ (labeled U),
the velocity, _ (labeled V).
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At the final step (at the end of the time interval equal to the period
specified on input data card no. 7) the orbit information is also printed.
An estimate is then madeof the At which would makey = zero (At -- - y/#),
and the interpolated value of _ calculated (Xint -- Xfinal + At _). The
errors for the orbit closure are then printed out in this order:
the differences between the initial and final value of x (labeled DX),
the value of y at the end of the period given on input data card no. 7
(labeled DY),
the value of _ at the end of the period given on input data card no. 7
(labeled DU),
the difference between the initial and final value of # (labeled DV),
the time interval necessary to interpolate y to zero (labeled DT),
the interpolated value of _ at the time when y is zero (labeled DU).
If a search for improved initial conditions is called for by the input
data this additional information is printed:
the orbit information at half orbit,
the new period based on this half orbit (labeled PERIOD),
the new value of the initial _ (labeled V NEW),
the difference between this starting value of # and that of the last
half orbit (labeled DV),
the difference between this ending value of _ and that of the last half
orbit (labeled DU) .
2.4. Data Input
The following is a description of the data input cards and an
explanation of the function of the information on each card.
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Card No. i:
The value of _ to be used in the integration scheme. The value of
can vary from i to 4 and gives the polynomial degree of the numerical
integration. Fo_ example, _ = i is equivalent to trapezoid integration, _ _ 2
Simpson's Tale, etc. Note that a = 2 and _ = 3 have the same order truncation
error. This number must be a free field integer followed by a comma.
Card No. 2:
The value of 7ma x, the error to be associated with _. This number
must be a free field single precision real number followed by ao comma.
Card No. 3
A "YES" or a " NO" to indicate if a search is to be made for improved
initial conditions or not. This entry must be a three character free field
literal followed by a comma.
Card No. 4:
A +i or a -i indicating the direction of the x axis crossing at half
orbit. If the half orbit crossing is in the +y direction (# positive) then
+i, if in the -y direction th_-l. This information is used in searching for
improved initial conditions, but must also be present in the input data even
if card no. 3 is " NO". This number must be free field integer followed by a
comma.
Card No. 5:
This card contains an integer to indicate how often orbit information
is to be printed out. A i causes a print at every step, a 2 causes print every
other step, a 3 causes a print every third step, etc. Regardless of the value
of this number a print out will take place at the beginning and end of every
orbit or at the end of every half orbit if a search for improved initial con-
ditions is being made. This number must be a free field integer followed by
a comma.
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Card No. 6:
An initial trial value for At, the time step size. If this trial
value of _t produces too large an error (i.e. I_ > Ymax ), the step size will
be halved until I_ < Ymax before the first step is accepted. This number must
be a free field single precision real number followed by a comma.
Card No. 7:
This card contains the period of the orbit to be run. This number
must be a free field double precision real number not followed by a comma.
Card No. 8:
This card contains the value of _. This number must be a free field
double precision real number not followed by a comma.
Card No. 9:
This card contains the initial value of the x coordinate. This number
must be a free field double precision real number not followed by a comma.
Card No. i0:
This card contains the initial value of the y coordinate. If zero
it must be so punched. This number must be a free field double precision real
number not followed by a comma.
Card No. ii:
This card contains the initial value of _ or U. the x component of
the velocity. If zero it must be so punched. This number must be a free field
double precision real number not followed by a comma.
Card No. 12:
This card contains the initial value of _ or V, the y component of
the velocity. This number must be a free field double precision real number
not followed by a comma.
25
Figure 4. The Flow Diagram for the Lie Series Method.
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_f
Comments may be put on the data cards by observing the following rules.
For free field integers and single precision real numbers a slash_ /, indicates
that the remainder of the card is to be ignored. For double precision real
numbers an asterisk, *, indicates that the remainder of the card is to be
ignored. Comments can then be written on the data cards following the slash
or the asterisk.
3. The Flow Diagram for the Lie Series Method
Figure 4 gives a detailed flow diagram of the computer program for
the Lie Series method. The symbols and terminology used in the flow diagram
correspond to those in the above discussion and in the program listing.
4. The Program Listing for the Lie Series Method
The following 18 pages list the program for the Lie Series Method.
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B. Cowell's Method
i. General
The term "Cowell's Method" as it applies here refers to a class of
multi-step algorithms derived from Bessel's central difference interpolation
polynomial and applied to the numerical solution of ordinary differential
systems. The method originates with Cowell and Crommelin [9] and is described
in some detail by Herrick [i0]. These versions, as such, shall be referred to
in this paper as the "conventional" Cowell method. A variation of the con-
ventional method, discussed in [ii] forms the basis for the "modified" Cowell
method wherein the necessity for the continued maintenance of a difference
table as the integration progresses is eliminated. An amplification of
these results is the intent of the treatment to be presented here.
In broad plan, two general algorithms will be developed_ one appli-
cable to the special first order equation # = f(t,y), the other to the
special second order equation _ = f(t,y). Here the "dot" signifies
differentiation with respect to t. It will then be shown how a combination
of these results can be applied to the general second order equation
= f(t,y,_). The extension of the technique to include systems of equations
follows naturally.
At the outset it is assumed that a table of differences for the function
f(t,y(t)) has been furnished by some starting procedure. The principal
technique of the modified Cowell method then consists in manipulating the
difference table in such a way that a general algorithm (derived from
Bessel's formula) is made to yield a set of predictor-corrector formulas
suitable for extending the tabulation. These formulas are expressed as linear
combinations of the current and previously computed values of f(t,y(t)) in
which the coefficients are permanent. That is, the coefficients depend only
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upon the order of differences used and can be computed once and for all prior
to an application.
2. The First Order Case
2. i. The General Algorithm
Let f(t,y(t)) be tabulated over an equipartition of step size
h by means of some starting procedure which produces the 2M+I points
tn_i, fn_i_ _ i = O, i, 2, ... , 2M ,f
where
Under these circumstances and with the introduction of the change of variable
t = hs + t , s = __t-tn)'/hn
Bessel's interpolation polynomial of degree 2M for f(t,y(t)) takes the form
12M (x) = 12M (hs + xn) ,
Z ½ i f + f (s) (2 1-1>
i=O n-i+l n- B2i
+ a2i+lfn-iB2i+l(s)}
where _ denotes the conventional forward difference operator, and the
polynomial coefficients Bk(S ) are given by
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Bo(S)= i ,
B2i(s)= 1U_DT. s (s-1)(s+l)(s-2)(s+2)..
(2.1-m'
...(s-i)(s+i-1).. (2.1-2b)
Bsi+i(s)= 1VKa7 (s - ½) B2i(s) (2.1-2c)
It will be noted for later convenience that the polynomials B2i+l (s)
are symmetric with respect to the point s = ½ over the interval 0 _< s _< i.
The interpolation polynomial (2.1-1) can be put in a more convenient
operational form by introducing the displacement operator E, the central
difference operator 5, and the averaging operator _ defined as follows:
_g(x)= g(x+_),
i i
_g(x)--(;3_ _-_)g(x): g(x+h/2) g(x-_/2),
i i
_g(x)= ½ (;7+ _-% g(x)
= ½{g(x+h/2)+g(x-h/2)}.
It can then be shown that the following relations hold:
(2.1-3a)
(2.1-3b)
(2. l-ec)
f_ = E- i = EV = VE (2. l-4a)
V= i - E -I _' E-IA " AE -I
1 I
5 = E_ E -_
-
i i
(2.1-4b)
(s°i-4c)
(2.1-4d)
5o
_s _-½ (_ _ _-l)= ½ (a + v) , (2.1-4e)
--½ (A + _-i) ,: (2.1-4f)
--½(w+v) (2.1-4g)
Formal manipulation of these operators now yields the set of conversion
formula s
Af = fj+l - f = _Tfj j j+l ' (2. l-5a)
_Tf = f f = fSf
j j j-i j-i
(2 1-5b)
$f.j = fj+½ - f.j__l , (2 l-5c)
_f. = ½ (fj+½+ fj_½)O (2 l-5d)
_f = ½(_ +_ 1)J J j- ' (2 1-5e)
= ½ (vfj+I + vfj) , (2 l-5f)
_kf. = ak_j_k/ = vkfj+_J 2 /2 '
-(k-i)/2 + akfj-(k+l)/2 '
½ (sT-kfj+(k+l)/2 + _Tkfj+(k_l)/2 ),
_k_j+_/2= Vk_j+k _ ,
i
Akfj + Akfj.ll = k_j+(k_l)/2
(2 i-5g)
(2 i-5_)
(2 i-5i)
(2 1-5j)
(2 .]_-5k)
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Setting k = 2i + i and j = n - i in (2.1-5j) gives
_2i+if = 52i+if
n-i n+i/2 (2.1-6a)
Similarly, setting k = 2i and j : n - i + i in (2.1-5k) gives
1 (zl2if + A2i 2i
n-i+l fn-i ) = _5 fn+i/2 (2. l-6b)
Hence, substituting these last two results into (2.1-1) yields the operational
form of Bessel's formula
12M (hs + tn) = Z 2i(s)
i=0 _52i 1
+ B2i+l (s) 52i+I fn+i/2 (2.1-7)
Now, from the differential equation one can write
f_n+l y'(t) dx = Ftn+l f(t,y(t)) dx
_t
n n
(2.1-8)
Replacing f(t,y(t))by the interpolating polynomial (2.1-7) in this
expression then yields the approximation
i
Yn+l - Yn _ h f0 12M (hs + tn) ds , (2.1-9)
which can be written in the form
M
5Yn+i/21 _ h Z
i=O
(_2i _52i 52i+i)
+ _2i+i fn+i/2
(2. i-i0)
where
52
i
_2i --f0 B2i(s)ds ,
_2i+i = i s) dsfo B2i+1(
(2. i-ii)
But, from the aforementioned symmetry of the polynomials B2i+l(S ) it follows
that _2i+i = 0 for all values of i. Hence (2.1-10) reduces to
=0 2iI_2 i_5 hfn+i/2 (2 1-12)
Replacing n by n - 1/2 and formally multiplying (2.1-12) by the inverse
operator 5-1 yields the final form of the general algorithm for the first
order case, namely
=0 _2i_5
h_ (2.1-13)
n
As a formal approximate solution of the differential equation, this can be
written
= =0 z2i_o ] hy' (2.1-14)
It will be noted that (2.1-13) is an implicit (closed type) formula since
the sought-for value Yn = Y(tn)__ also appears in the function fn = f(tn'Yn)--
on the right side of the equation.
2.2. Evaluation of the Coefficients
A simple way to evaluate the coefficients 72 i defined by
(2.1-11) can be developed by writing (2.1-2b) in the form
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(2i)'B2i(s)= s(s-l)(s+l)...(s-i)(s+i-l), (2.2-ia)
2i-i
2i-j (2.2-1b)Z s i>l
A2i, j ' _j=0
It will be noted from (2.2-ia) that the leading coefficient A2i,0 is unity
for all i. Also, it can be shown that the sum of the roots of the polynomial
(2.2-Ia) is i. Hence, from elementary theory of equations it follows that
A2i,0 = i and A2i, l = - i for all i. A recursion formula which affords an
easy construction of the integer coefficients A2i 'j can be derived by
replacing i by i+l in (2.2-ia) to get
(2i+2)'B2i+2(s)= s(s-1)(s+l)...(s-i-1)(s+i),
2i-i
s2i-j (2.2-2a)
= (s-i-l)(s+i) Z A2i,j
J=0
On the other hand, replacing i by i+l in (2.2-ib) gives
(2i+2)' B2i+2(s) =
2i+i
2 i+2- j
Z A2i+2,j s (2.2-2b)
j=0
From these relations it follows that
2i+i 2i-i
2i-j
2i+2- j (s-i-l) (s+i) 7 A2i, j s (2.2-3)7 s _=j=O A2i+2' j j=0
Equating coefficients in this expression then yields the set of recursion
formula s
A2i, O = i, A2i, l = - i i = 0,1,2,... ,
(2.2-4a)
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A2i, j = A2i-2, j - A2i-2, j-i - i (i-l) A2i_2 ,j_2
• i = 2, 3, ... ; j -- 2, 3, ... , 2i - i . (2.2-4b)
It will be noted from these relations that after using (2.2-4a) to fill the
first two columns of the matrix
A-- (A2i, j) i _ i, 2, 3, ... , M; j --0,1,2,...,2i-i , (2.2-5)
each row after the first generates its successor in accordance with (2.2-4b).
A convenient check on the process is the relation
2i-i
Z = 0 (2.2-6)
j=0 A2i'j
that is, the sum of the entries in each row after the first must vanish.
Having constructed the matrix A, it follows immediately from (2.1-2a),
(2.2-ib), and the definition (2.1-11) that
70 i
2i-i
• l Z 1
72i = _ (2i-j+l) A2i _j, i __ i
j=0
(2.2-7)
A few values of the coefficients 72i are given in a rational form in Table I.
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TABLE I
THE 7 COEFFICIENTS (RATIONAL FORM)
2i
0
2
4
6
8
i0
12
14
16
18
72i
i
-1/12
11/7_o
-191/60480
2497/3628800
-14797/95800320
92427157/2615348736000
-257184391/31384184832000
61430943169/3201186852 8640000
-23133945892303/51090942167709440000
3. The Second Order Case
3.1. The General Algorithm
By purely formal manipulations the result (2.1-14) for the first
order case can be made to yield a general algorithm applicable to the special
second order equation. To do this y can be repl_ced by _ in (2.1-14) to get
Substitution of this expression into the right member of (2.1-14) then gives
y : _ _2i_ h2_ (5.1-2)
--0
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It is easy to show by (2.1-4c, d) that
2 52
_ = i+-_- (3.l-3)
Hence, putting this result into (3.1-2) leads to
Y
i--O i--O
(3.1-4)
Formally expanding the squared operators in this expression, collecting
terms, and truncating the result to include differences of order 2M yields
the formal approximate solution of the special second order equation
Y [i--0 T 2i o
(3.1-5)
which, when written as an algorithm, becomes
M+I 1Yn 7, * .2i-2= 7 2i o h2fi=O n
, (3.l-6)
or
52yn I M . 52ii= _, 72i h2fi=O n
, (3.l-7)
where
52yn = Yn+l - 2Yn + Yn-i (3.l-8)
3.2. Evaluation of the Coefficients
The coefficients 7 appearing in the general algorithm (3.1-6)
can be evaluated in terms of the 7's by the brute strength expedient of
expanding (3.1-4) and collecting terms according to powers of 5. The result is
collected below in the set of relations:
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9@
__ = i (3.2-1a)
9@
72i =i=
2 9@ =
i
i=
(i-i)/2 i (i-3)/2 l 2
7. 72j72(i_j) + _ 7. 72j72(i-j-l) + _ _i-i
j=0 j=0
i, 3, 5, 7, ...
(i-2)/2 1 (i-2)/2 2
2 7 72j72(i-j) + 5 7. _2j72(i_j_!) + 7i
j--O j=0
2, 4, 6, 8, ...
(3.2-1b)
(3.2-1e)
9@
A few values of the coefficients 72 i are given in rational form in Table II.
9@
Decimal equivalents to high precision for both 72 i and T2 i are given in
Table III.
TABLE II
9@
THE _ COEFFICIENTS (RATIONAL FORM)
2i
0
2
4
6
8
i0
12
14
9@
T2i
i
-i/24o
31/60480
-289/3628800
317/22809600
-6803 477/26153 4873 6000
69429517/56491532697600
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C) t_ _D C
4. The Starting Table of Differences
Both the conventional and modified versions of Cowell's method require
a starting table of differences. It is assumed that the order of differences to
be used is 2M, where M is a positive integer_ and that values for the quantities
{tM_i, YM_i, fM_i} , i = O, i, 2, ... , 2M , (4-i)
5-2f , 5-1fl, 5 -If i , (4-2)
have been furnished by means of some starting procedure (to be discussed later)
based on a given set of initial conditions for the differential system. From
these values a table of differences is then constructed out to and including
differences of order 2M and back to and including inverse differences of order
-2 of the function f. An illustration of such a table written in central
difference notation is shown for the case 2M = 4 in the bounded region of
Figure 5. Within this region the starting values are further separated by
dashed lines.
Having given the above starting table of differences, the principal
distinguishing feature of Cowell's method is the extension of the table using
estin_ted differences obtained under the assumption that differences of order
2M are constant. The extension is carried out down to and including all
differences associated with the entry fM+l by reversing the norn_l table
construction procedure. The results of this process for the case 2M = 4 is
shown as the unbounded region of Figure 5- In the discussion to follo_ this
portion of the figure shall be referred to as the estimated table of
differences.
It should be kept in mind that although central difference notation is
used in the illustration, the entries represent nothing more than forward or
6O
_ _.¢ _ .STARTING TABLE OF DIFFERENCES
a fl _ fa I a fl / _ fl
-2 I I / 2 4. I"
f2 , i f2 _ _ f2 _ _ f2
-I 3
_-I f5/2_ ,_''''I_ _f5/2 _3f5/2 j q"
-2 / 2 q. f"
_ -,f3 ,.._/ f3 _ f3 3 _ f3
f7/2 _f7/2 _ f7/2
ESTII_TED TABLE OF DIFFERENCES
Figure 5. The Starting Table of Differences for the Cowell Method.
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backward differences (depending on viewpoint) based on the tabulated values
of the function f. In an actual numerical case the numbersare the same
regardless of viewpoint.
4.1. The modified Cowell Method
In the modified (or expanded) version of Cowell's method the
necessity for maintaining a current difference table during the integration
is eliminated by rewriting the central differences appearing in the general
algorithms (2.1-13) and (3.1-6) in terms of the tabulated values of the
function f. The results of such a process offer particular time saving
advantages in applications calling for frequent changes in stepsize. The
breakdown is performed in two ways. The first expansion produces predictor
formulas which give Yn entirely in terms of previously computed information.
The second expansion produces corrector formulas which give Yn in terms of the
current value f = f(tn, Yn) as well as previously computed values. Then
results of such a process are summarized in the form of general expanded
algorithms in the sections to follow. Specific illustrations of the break-
down process are given in Section 7-
5.1. Predictor-Corrector Formulas for the First Order Case
Under the first expansion the general algorithm (2.1-13)
takes the matrix form
Yn 72i
=0
= h (_05-_fn - + pf) (5.l-l)hf
n ½ '
where f is the column vector of tabulated values
If n- i' fn-2' fn-2M- 11
f _ "'° 2 2
(5.1-2)
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and P is the row vector of constant coefficients defined by the matrix
equation
P --½ rDB = (Pl'P2' P3' "'"' P2M+I) (5.1-3)
In this last expression T denotes the row vector
T = (T O, T 2, r 4, ... , T2M) , (5.1-4)
B denotes the square matrix of signed binomial coefficients
and D represents a rectangular matrix with integer entries defined as
follows:
(5.1-5)
D = [Di, j] i = O, 1, 2, ... , M; j = O, 1, 2, ... , 2M (5.1-6)
DO, j = i, j -- O, i, 2, ... ,2M ,
={_, j=0DI, j + i, j = i, 2, 3, ... , 2M
D.
l,j = 0 i = 2, 3, 4, ... , M; j = O, i, 2, ... , 2i - 2
D. - (j+l)
m,j i: (j-i)(j-i-l)(j-i-2)..(j-2i+2) ,
(5. l-7a)
(5.1-76)
(5.1-7c)
i = 2, 3_ 4, ... , M; j = 2i-i, 2i, 2i+i, ... , 2M . (5.1-7d)
In expanded form (5.1-1) becomes the predictor formula
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{705 - if n_ 2M+IYn =h ½+ Y',j--i
(5.1-8)
in which the coefficients P. are defined by (5.1-3). In the subsequent
J
discussion this expression shall be referred to as the general predictor
formula for the first order case... A detailed illustration of the derivation
of (5.1-8) for the case 2M = 4 is given in section 7.
Under the second expansion process (5.1-13) takes the matrix form
= FoS-ifn -Yn h ( ½ + Cf) , (5.1-9)
where f is the column vector
f = (fn' fn-l' fn-2' """'fn-2M ) ' (5._-i0)
and C is the row vector of constants defined by
C = ½ FEB = (C 1, C2, C3,...,C2M+1) (5.1-11)
In this expression F and B are the same as previously defined and E denotes
a rectangular matrix with integer entries given as follows:
E = [El, j] i : O, i, 2, ... , M; j : O, i. 2, ... , 2M
=IO, j=OEO, j , = 1,2,3,...,2M
), j=OEl, =42, j - iJ i, j = 2,3,4,...,2M
=_0' j = 0, i,2
E2, j [j-l, j = 3,4,5,...,2M
(5.1-_)
(5. i- 13a)
( 5.1-13b)
(5.1-13c)
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i = 3,4,5,...,M; j -- 0,1,2,...,2i-2 , (5.1-13d)
(j-l)
Ei, j = _ (j-i-1)(j-i-2)...(j-2i+2)
i =::3,4, 5, ...M; j = 2i-i, 2i, 2i+i,...2M (5. i- 13 e)
In expanded form (5.1-9) becomes the corrector formula
1705_lfn _ 2M+1 1h -- + _ CJ fn-_+I0Yn j=l
(5.1-14)
where the coefficients C. are calculated from (5.1-11). This is the general
0
corrector formula for the first order case (see Section 7).
5.2. Predictor-Corrector Formulas for the Second Order Case
Under the first expansion the general algorithm_(3_l-6) becomes
= _M_. , I h2fn 2 * 2 *
i B2i_ 2 = h (7 0 5- fn+P f)
Yn _.i=O 72i
(5.2-1)
in which
n- fn-2' fn-3'
* * * * * * *
P = 7 D B = (P1 ' P2 ' P3 '''" P 2M+l )
(5.2-2)
(5.2-3)
* * _ * *
7 -- (7 2 , 7 4 , T6 ,...,7 2M+2 ) ' (5.2- 4)
and D is a rectangular array with integer entries defined as follows:
D = [Di, j ] i = O,I, 2,...,M; j = 0,1,2,...,2M (5.2-5a)
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DO, j = i, j _ 0, I_2,..._2M
DI,'j [J-i, j 2,3, ...,2M
D.
m,j
-- 0 i _ 2,3,...,M; j = 0,1,2,...,2i-i
* (j-i)
h.
i, j i: (j-i-i) (j-i-2).. (j-2i+l)
(5.2-5b)
(5.2-5c)
(5.2-5d)
i = 2,3,...,M; j -- 2i, 2i+i,...,2M (5.2.5e)
In expanded form (5.2-1) becomes the predictor formula
= h2 {7 * -2 2M+I . }
Yn 0 5 f + _. P .f
n j=l j n-j '
(5.2-6)
where the coefficients P . are calculated from (5.2-3). This is the general
J
predictor formula for the second order case (see Section 7.3).
Under the second expansion (3.1-6) takes the matrix form
Yn -- h2 17 * -2 * }
0 5 fn +Cf (5.2-7)
where
f
fn' fn-i _fn-2' """'fn-2M} '
C = 7 E B = (C I , C2 , C3 ,..., C2M+I )
(5.2-8)
(5.2-9)
and E is a rectangular matrix with elements defined by
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E ] i -- 0,1,2,...,M; j = 0, I,2,...,2M , (5.2-i0a)= [Ei_ j
l
* J_, j-- 0
EO, j = _0, j -- 1,2,3,...,2M
f
* J(, j -- O, i
EI, j =_i, j -- 2,3,4,...,2M
* _0, j -- 0, i,2,3
E2, j = '[j-3, j -- 4,5,6,...,2M
E. =0
l, j i = 5,4,5,...,M; j = 0,1,2,...,2i-i
E° .2
l,J
(j-i-l)
(i-1) (j-i-2)...(j-2i+l)
(5.2-lOb)
(5.2-10c)
(5.2- lOd)
(5.2-10e)
i-- 3,4,5,...,M; j - 2i, 2i+i,...,2M (5.2-i0f)
The expanded form of (5.2-7) becomes the general corrector formula for the
second order case, namely
= TO 5 fn + _' C .f
j=l j n-j+l
(5 2-i1)
5.3. Mid-Range Formulas
The formu_s to be developed here find application in the con-
struction of the starting difference table wherein a knowledge of the
quantities 5-1f-M-_1' 5-1fM+½, and 5-2fM is required. They are also needed in
a test criterion for change in step size to be described later.
Returning to the general algorithm for the first order case, (2.1-13),
and setting n = M gives
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I_O _5- ifM MyM--_ + Zi=l
(5.3-z)
which, upon substituting from (2.1-5i), becomes
I_'OUS- ifM MyM=_ +½Z i=l _2i < M+I + M+i-Z "
(5.3-2)
Making use of the identity
_O_-ifM--_08-1fM_½+ ½ _ofM , (5.3-3)
and also breaking down the backward differences into terms of function
values by means of the relation
?kf = _. (_l)r k f
J r=O j-r
(5.3-4)
finally converts (5.3-2) into the matrix form
YM = h {_05-1fM_½ + ½ 70fM + Rf } ,
where f is the column vector
f = ff2M + f2M-l' f2M-1 + f2M-2'''"fl + fot '
and R is the row vector defined by the matrix equation
(5.3-5)
(5.3-6)
R=½_ , (5.3-7)
in which
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7 = (72, 74, 76,...,72M) , (5.3-a)
and B is the Mx2M rectangular matrix formed by extracting the rows of odd
index i = 1,3,5,...,2M-I from the matrix B of signed binomial coefficients,
defined previously, and writing them in pyramidal form. For example, if
differences of order 2M = 6 are used, then M = 3 and B takes the form
0 0 i i 0 0
o z -3 3 -1 0
i -5 1o -lO 5 -i
(5.3-9)
In a similar manner, beginning with the general algorithm for the second
order case, (3.1-6), and setting n = M gives
(5.3-lO)
YM h2 f * -2 M+l * 2i-2 t
-- 70 _ fM + 7. 7 2i _ fM '
i--i
which, upon making use of the relation
Bkfj _ vkfj+k/2 , (5.3-ll)
becomes
_-h2 17 * -2 M+IYM o8 fM+Zi_l
(5.3-12)
Application of (5.3-4) to break the differences down then yields the matrix
form
K
= h2]. * -2
YM _z 0 B fM
+R f (5.3-13)
where f is the column vector
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f = f2M' f2M-l'""fo ' (5.3-14)
and R is a row vector defined by the matrix equation
R =7 B , (5.3-15)
in which
7 = (7 2 , 7 4 ,-..,7 2M+2 ) ' (5.3-16)
and _ is the (M+I) x (2M+I) rectangular matrix formed by extracting the
rows of even index i -- O, 2, 4,..., 2M from the matrix B and writing them
in pryamidal form.
takes the form
Y
Thus, in case differences of order 2M = 6 are used,
-- i -6
0 0 i 0 0 0 -
0 i -2 i 0 0
o 1 -4 6 -4 l o
15 -20 15 -6 i --
(5.3-17)
In application it is convenient to expand and collect terms in (5.3-5)
to get
708 ifM_ ½ 2M+I
m,=h - + Z
j_l Mjf2M-j+I } '
(5.3-18)
where the constants M. are obtained by equating coefficients in the expression$
2M+I
7, = I + Rf (5.3-19)
j_l Mjf2M- J+l g 70fM
with f given by (5.3-6). Similarly, (5.3-13) can be written
7O
= h2 !70. _2fM 2M+IYM 4 + Z
L j=l
where the constants M.
J
are obtained from
2M+I
_ M =Rf
j=l j f2M-j+l
Mj f2M- j+ (5.3-2o)
(5.3-21)
in which f is now defined by (5.3-14).
A tabulation of the coefficients P, C, P , C , M, M to high precision
is included in Table IV.
6. A General Description of an Application of Cowell's Method to the
Simplest Second Order Initial Value Problem
The discussion that follows concerns the modified Cowell method as
applied to the initial value problem
--F (t,y,#) ,
Y(to) = YO' Y(to) = YO
(6.o-1)
where again the conventional "dot" notation signifies differentiation with
respect to the independent variable t. Extension of the technique to
include systems af_ua_0ns will follow easily. For convenience in referencing,
the principal algorithms developed in the preceding sections are rewritten here
as follows. Formulas (5.1-8) and (5.2-6) become, respectively,
( 2Ml)_rn = h 70$-lFn_ ½ + 7, P.Fj=l J n-j ' (6.0-2a)
= h2 J.* -2 2M+I .
#
Yn r 0_ F + 7. P .FL n j=l j n-j J '
(6.0-2b)
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and serve as predictors corresponding to a first integration and complete
integration of (6.0-1). Similarly, formulas (5.1-14) and (5.2-11) take the
respective forms
_IF n _ 2M+I }9n = h 0 -- + Z C_Fn__+IJJj=l
(6.o-3a)
7 2M+ i _ 1
: h2 _-2F + 7, C. F
Yn 0 n j=l 3 n-j+l
and serve as correctors. The mid-range formulas (5.3-18) and (5.3-20)
become, respectively,
glFM._ 2M+I9M = h 0 + Zj=l
(6.0-3b)
(6.0-4a)
: h2 17 _ 8_2F M 2M+IYM o + Zj=l
3 F2M+I-J (6. O-4b )
Two additional relations necessary for constructing a starting table of
differences can be deduced directly from Figure 6. They are
and
5-1FM+£+ _ : -IFM+£_ _ + FM+ _ £ = - M, - M+I, - M+2, ..., M (6.0-5a)
5-2FM+ _ : -2FM+&_ I + -IFM+£__ _ : - M, - M+I, - M+2, ..., M+I (6.0-5b)
With the above collection of formulas at hand, the essential steps involved
in applying Cowell's method to (6.0-1) can be sequenced as shown in the simple
flow diagram of Figure 6 and described below:
i. Set Q = 2M, the prescribed even order of differences which determines
the dimensions of the starting table of central differences•
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Figure 6. The Flow Diagram for the Cowell Method.
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2. Calculate the coefficients
A2i,j i : O,I,2,...,M+I
using relations (2.2-4).
3o Calculate the coefficients
j : 0,1,2,...,2i-i
5 2i i = 0,I,2,...,M+2
using relations (2.2-7).
4. Calculate the coefficients
5
2i i : O,I,2,...,M+I
using relations (3.2-i).
5. Calculate the coefficients
Pj, Cj, P j, C j, Mj, M j j : 1,2,3,...,2M+I
using relations (5.1-3), (5.1-Ii), (5.2-3), (5.2-9), (5.3-19), and (5.3-21)
with f replaced by F.
6. In accordance with some predetermined accuracy criterion, select an
initial step size h0 = At O.
7. Using some appropriate starting procedure tabulate (compute and
i
store) the starting values
ti' Yi' Yi' Fi i-: 0, I,2,...2M ,
where t i : to + ih, h : ho, and F. is calculated from (6.0-i).1
8. Calculate the quantities
from formulas (6.0-4).
5-IFM__, 5-2F M
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9. Compute the quantity
by successively applying (6.0-5a) with _ = O,I,2,...,M.
i0. Compute the quantity
_-2F2M+I
by successively applying (6.0-5b) with _ = 1,2,3,...,M+I.
ii. Set k = i and Flag = O or i_ depending on a predetermined mode of
integration. (See Step 19).
12. Predict
Y2M+k' Y2M+k
by using formulas (6.0-2) with n = 2M+k. Calculate F2m+k from (6.0-1).
13. Correct
Ym_+k' Ym_+_
by using formulas (6.0-3) with n _ 2M+k.
Re-enter step 13 until F2M+k is stable.
14. Calculate
Recalculate F2M+k from (6.0-1)•
by using (6.0-5a) with _ = M+k.
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15. Calculate
$-2F2M+k+I
from (6.0-5b) with $ = M+k+l.
16. Branch Decision:
Is k Mod M _ O?
a. No. Continue.
b. Yes. Go to step 19.
17. Termination Decision:
Is t2M+k _ tma x •
a. No. Continue.
18.
b. Yes. Stop.
Record
t2M+k' Y2M+k _ Y2M+k' F2M+k
and set k _ k+l and re-enter step 12.
19. Branch Decision:
Is Flag = O?
a. No. Continue.
b. Yes. Re-enter step 17.
20. Compute YM+k by using (6.0-4b) with YM replaced by YM+k' FM
replaced by FM+k, and F2M_j+I replaced by F2M+k_j. Compute
z--lYM+k- M+kl
21. Is Z < c?
a. No. Continue.
b. Yes. Go to w I.
86
22. Is cI < Z _ c2 ?
a. No. Go to _3"
b. Yes. Go to _2"
In the sections immediately following certain stages included in the
flow diagram of Figure 6 are discussed in greater detail.
6.1. The Starting Procedure and Initial Step Size Determination
For the purpose of this report, the starting procedure selected
was the classical Runge-Kutta 4th order one-step algorithm. As a preliminary
to its use, however, the initial value problem (6.0-1) must be converted to a
first order system. The substitutions
ul=Y
(6.1-1)
when applied to (6.0-1), yield the system
Ul = u2 = fl(t'ul'u2 )
u2 = F(t'ul'u2) = f2(t'ul'u2 )
(6.1-2)
with initial conditions
ul(tO) = YO' u2(to) = YO (6.1-3)
The classical Runge-Kutta equations then take the form
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kil = fi(to, y0, _0)
h • h
ki 2 = fi(to+ h YO + _ kll, Y0 + _ k21)
h • h
ki 3 -- fi(to+ h, Y0 + _ k12, Y0 + 2 k22)
ki4 =
_°
1
fi(to + h, YO + hkl3' YO + hk23)
il + 2(ki2 + + ki4 i = 1,2
ui(t0+h ) = ui(t0) + he.1
(6.1-4)
Successive applications of (6.1-4) yield the required starting tabulation
{ti, Yi, Yi, Fi} i " 0, I, 2,-..,2M
once the initial increment
h --h 0 _ At 0
is prescribed.
The technique applied here for determining ho, step 6, is detailed
flow-wise as follows (see Figure 7).
6a. Select an arbitrary initial value for h, say
h -- (tma x - t0)/2 p , (6 i-5)
with p : 3.
6b. Apply (6.1-4) once to get the vector
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U (t0+h) -- (ul(t0+h), u2(t0+h))
in one step and calculate
6c.
two steps.
ZI --_21+u22
Replace h by h/2 and apply (6.1-4) twice to get U (t0+2h) in
Calculate
Z2 =_21+u22
6d. Calculate
z = Iz2-Zll
6e. Test:
6f.
Is Z > cO ?
a. Yes. Continue.
b. No. Go to step 6.7.
Set p = p + i. Calculate
h (tma x_- _ t 0)/2 p
and re-enter step 6b.
6g. Set h0 = 2h.
The above procedure has been found to work well as an initializing
routine in conjunction with Cowell's method. It also finds convenient appli-
cation as a restart procedure in modes of integration calling for intermediate
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step size control. This option is provided for in Figure 6 by setting
Flag _ i in step ii.
6.2. Intermediate Step Size Control
The option of step size control is exercised by setting a
variable Flag in step ii of Figure 6. If Flag _ 0, the integration proceeds
until termination using the constant step size h = hO. If Flag = i, the
integration proceeds for M steps. After completion of the M-th step, the
current mid-range value of the dependent variable is tested against a step-
change criterion which comprises steps 20, 21, and 22 of Figure 6. If the
agreement between the current mid-range value YM+k yielded by Cowell's
method and a comparison value YM+k computed from mid-range formula (6.0-4b)
is sufficiently good, i.e., if their relative difference is less in absolute
value than a prescribed minimum tolerance ¢i' this is taken as an indication
that the step size h should be increased. In this case, the technique used
in the present application calls for a doubling of the step size which is
achieved at branch point _i as indicated in step 21 (see Figure 6). If the
above-mentioned agreement is not as good as cI but is still at least as good
as a prescribed maximum tolerance c2, this is taken as an indication that the
step size can remain unchanged. However, in a computer implemented application
some re-orientation in the arrays containing the tabulated variables may be
necessary. This is provided for at branch point _2 as indicated in step 22
(see Figure 6). If both of the tolerances cI and _2 are exceeded, a decrease
in step size is indicated. In the present application this calls for a restart
at the mid-range point which includes a new step size determination. That is,
the last M points yielded by Cowell's method are rejected and steps 6 and 7 are
repeated with tO _ tM+k, Y0 : YM+k' and Y0 _ YM+k" This is provided for at
branch point _3 as indicated in step 22 (see Figure 6).
9o
Table IV contains a listing of high precision values of the coefficients
P_ C, P , C , M, and M corresponding to differences of orders Q = 2M = 6, i0,
and 14.
7. Predictor-Corrector Formulas (Expanded Form)
7.1. First Order Case - Predictor
To demonstrate the expansion process in terms of the differences
appearing in Figure 5 for a simple case set n = 3 and 2M = 4 in (2.1-13) to
get
2
_52 i-if3Y3 = h Z T2i
i--O
= h {i (a-lf5/2 + s-lf7/2 ) TO
+ ½ (sfs/2+ SfTl2) T2
+ ½ (ssfs/2+ 85f7/2)z } (7.l-1)
The objective now is to express each of the central differences in (7.1-1)
entirely in terms of the function values
{f2_i> , i = 0, i,2,3, 4 •
This is conveniently done in two stages. The first stage consists in
writing each estimated difference appearing in Figure 5 in terms of the
known differences on the diagonal joining f2 to 84f0 (diagonal i in the
figure). Use is then made of the fact that on this diagonal the entries are
simply the backward differences of f2" That is,
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8kfr -- vkf2 , (7.1-2)
independent of r. This allows the estimated differences to be restated in
terms of backward differences, and hence the algorithm (7.1-i) can be so
expressed. The secondstage consists in making use of the relation
vkf. = Z (-1)j f (7.1-3)
l j--O z-j
to break the backward differences down into terms of function values.
Collecting terms then yields the required expanded formula (5.1-8).
Making use of the manner in which the table of differences was constructed,
the first stage begins with writing
_4fl --
_3f3/2 =
62 f2 =
54f0 ,
_3fl/2+ _4fI
_2f I + _3f3/2
_s5/2 = _f3/2+ _2s2
(7.1-4)
f3 -- f2 + 8f5/2 '
5-1f7/2 = 6-1f5/2 + f3
Adding these relations m at a time for m = 1,2,...,6 and using (7.1-2) then
gives the set of equivalents
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$4f I _ _4f 2 ,
83f3/2= v3f2+ Cfs '
B2f2 = _2f2 + ¢f2 + V4f2 '
Bf5/2 = Vf 2 + Z72f 2 + _73f 2 + V4f 2 ,
f3 = f2 + vf2+ v2f2+ ¢f2 + ¢f2
(7.1-5)
B-lf5/2 + f2 + Vf2 + _J2f2 + ¢f2 + V4f2 '
which serves to express each entry on diagonal 2 of Figure 5 in terms of the
backward differences on diagonal i. Diagonal 3 is treated in the same manner
relative to diagonal 2, the final reduction being achieved through relations
(7.1-5). Thus,
84f 2 = 84f I ,
_3f5/2 = B3f3/2 + 84f2 ,
82f 3 = 62f2 + _3f5/2 ,
(7.1-6)
Bf7/2 -- Bf5/2 + B2f 3 ,
from which, upon adding m at a time for m -- 1,2,3, 4,
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B4f2 -- B4fl ,
_3f5/2-- 83f3/2 + _4fI ,
82f3 = B2f2+83_3/2+_4f I ,
_f7/2 -- _f5/2 + B2f2 + _3_3/2 + 84fl
Using relations (7.1-5) in these equations then gives the result
84f2 = _4f 2 ,
83f5/2 = ¢_2 + 2v4f2 '
B2f]5 -_ _22-f2 + 2_y3f 2 + ._V4f 2 ,
_f7/2 = Vf 2 + 2_9f2 + 3_73f 2 + 4_4f 2
Finally, for diagonal 4 relative to diagonal 3 one can write
84f 3 _ 84f2 ,
_3f7/2 = 83f5/2 + B4f 3 ,
from which
(7.1-7)
(7.1-8)
(7.1-9)
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B4f 3 = _4f 2 ,
B3f7/2 - 83f5/2 + 84f2
= ¢f2 + 3¢f2
Substituting from (7.1-5,8,10) into (7.1-1) now leads to the relations
_8-1f3 = ½ (8-Zf5/2+ 8-mf7/2) ,
= _-1f5/2+ ½ (f2+ vf2 + V2f2 + ¢f2 + ¢f2 ) '
_8f3 = ½ (_f5/2+ _f7/2) '
½(2vf 2+3_f 2+4¢f 2+ _4f 2) ,
so that (7.1-1) takes the form
Y3 ={h _08-zf5/2
F
+ ½ [(f2 + _f2 + g;2f2 + _73f2+ V4f2) 7o
+ (2lkf2 + 3A2f2 + 4A3f2 + 5A4f2) 72
+ (2_3f2 + 5_4f2) :Y4] },
(7.1-10)
(7.1-11)
(7.1-12)
( 7. ]--]-3)
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+ (70 + 370) D2f2 + (70 + 472 + 274) _f2
+ (70 + _2 + 5_4) v4f2] }
This completes the first stage of the reduction.
by substituting from (7.1-3) into (7.1-14) to get
= h _7o_-1f5/2Y3
k
+ ½ [_of2+ (so + 2_2)(f2 fl )
L
(7.1-14)
The second stage is achieved
+ (Vo + 3_2)(_2 - 2fl + fo )
+ (7o + 4_,2 + 2_,4)(f2 - 3f I + 3f 0 - f_l )
+ (70 + 572 + 5_'4)(f 2 - 4f I + 6f 0 - 4f_l + f_2)]},
which_ after multiplying out and collecting terms_ can be written in the
convenient matrix form
r
= h t_oS-lf_/2Y3
where P is the row vector defined by
+ Pf} , (7.1-15)
P = ½ 7DB ( 7. i-16)
in which 7 is the row vector
7 = (7 0, 72, 7 4) , (7.1-17)
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D is the 3x5 rectangular matrix
D _
i
0
0
i i i i
2 3 4 5
o o 2 5
B is the 5x5 triangular matrix of signed binomial coefficients
(7. i-18)
-i
i
-- i
i
-i
0 0 0 0-
-i 0 0 0
-2 i 0 0
-3 3 -1 0
-4 6 -4 l -
(7.1-19)
and f is the column vector of function values
f
f2 , fl _ fo , f_l _ f_21 "
In expanded form (7.1-15) becomes
170 _if5/2 5 1Y3 = h _ + Z Pjr3j=l -J '
(7.1-20)
(7.1-21)
wherein the coefficients P. are rational numbers given by (7.1-16).
J
7.2. First Order Case - Corrector
Here the objective is to express each of the central differences
in (7.1-1) entirely in terms of the function values
f3_il i = %1,2,3,4
The first stage of the process consists in writing each estimated difference
appearing below diagonal 2 of Figure 5 in terms of the differences on
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diagonal 2.
are equivalent to backward differences of f3" That is_
Use is then made of the fact that on diagonal 2 the entries
8kfr --vkf3 , (7.2-i)
independent of r. Proceeding directly to equations (7.1-7) and using
(7.2-1) gives the desired result for diagonal 3 relative to diagonal 2.
results obtained are as follows:
54f2 = V4f 3 ,
_3f5/2 = v3f 3 + v4f 3
82f 3 = _72f3 + _f3 + V4f3 '
8f7/2 = Vf 3 + _72f 3 + V3f 3 + V4f D
Adding equations (7.1-9) gives
_4f3 =
B3f7/2 = B3f5/2 + 84f 2 ,
so that application of (7.2-1) and (7.2-2) yields
84f 3 = V4f 3 ,
_3f 3 + 2v4f3
The
(7.2-2)
(7.2-3)
(7.2-4)
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Finally,
_-1f7/2_ _-if5/2+ f3
Substitution from (7.2-2), (7.2-4), and (7.2-5) now gives
_-lf3 _ ½ (8-1f5/2 + 8-1f7/2) = 8-1f5/2 + ½ f3 '
_Sf3 v2f3 ¢f3 ¢f3 )= _ (_f5/2+ 8f7/2)= ½ (2v23+ + +
_3f3 = ½ (83f512+ 83f712)= ½ (2¢f3 + 3¢f3) ,
so that (7.1-i) becomes
Y3 _ hIs-lfs/2+ ½ f3) _0
+ ½ (2vf3+ v223+ v3f3 + ¢f3 ) _2
+ ½ (2¢f3 + 3¢f3)_41 '
= h {,o_-lf5f2+ ½ [_of3+ 2,2vf3+ _2v2f3
+(_'2+2_'4 ) v'f3+(_'2+3_'4)¢f3]}'
(7.2-5)
(7.2-6a)
, (7.2-6b)
(7.2-6c)
(7.2-7)
The second stage is now completed by applying (7.1-3) in (7.2-7) to get
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Y3--h ,[_08-If5/2 +½[_0f3+2_2 (f3- f2 )
+ 72 (f3 - 2f2 + fl )
+ (72 + 2_4)(f 3 - 3f 2 + 3f 1- fo )
+ ('2 + 3'4)(f3- 4f2 + 6fl- 4fo + f_l)]} '
which_ upon collecting terms_ can be put in the matrix form
where C is the row vector defined by the matrix product
(7.2-8)
(7.2-9)
C = ½7EB , (7.2-10)
in which _ and B are the same as defined in Section 7.1; E is the 3x5
rectangular matrix
E
i 0 0 0 0 1
= 0 2 i i i ,
o 0 0 2 3
(7.2-11)
and f is the column vector
f _.
f3 _ f2' fl _ fo' f-i I
In expanded form (7.2-9) becomes
=   08-1f5/2Y3 L 7 Cjf3_j+ I ,j--i
(7.2-12)
(7.2-13)
i00
where the coefficients C. are given by (7.2-10).J
7.3- Second Order Case - Predictor
Setting n = 3 and 2M = 4 in general algorithm (3.1-6) gives
-- i=O 72i o _ h2f3 '
h2(70*B-2f3 * * 2 * 4
= + 72 f3 + 74 _ f3 + 76 8 f3) , (7.3-1)
which is to be re-expressed in terms of the function values
{f2_i} , i -- 0, i,2,3, 4
This is readily done by referring to (7.1-5), (7.1-8), and (7.1-10) to get
f3 _ f2 + Vf2 + _72f2 + _f2 + _4f2
62f 3 = _72f2 + 2_73f 2 + 3_4f 2 ,
B4f 3 = V4f 2
(7.3-2)
Substitution into (7.3-1) then gives after rearrangement
F
h2 _ * -2 * *
Y3 L70 _ f3 + 72 f2 + T2 Vf2
+ (T2 + 74 ) _f2 + (72 + 274 ) ¢f2
l
. . . _74f2 L
+ (72 + 374 + 76 ) jP , (7.3-3)
i01
which completes the first stage. Application of (7.1-3) and collecting
terms according to function values finally yields the expandedalgorithm
which can be written
where
f
= h2 _ * -2
Y3 [" 0 8 f3
+ P f , (7.3-4)
P =TDB , (7.3-5)
* * * *)7 = (72 , 74 , 76 , (7.3-6)
Ii i i i i 1
D*
= 0 i 2 3 ,
0 0 0 i
(7.3-7)
and B and f are the same as defined by (7.1-19) and (7.1-20), respectively.
In expanded form (7.3-4) becomes the predictor formula
r
h2 _ * -2
Y3 7O _ f3L 5 . }
+ Z
j--i Pj f3-J '
(7.3-8)
wherein the coefficients P. are given by (7.3-5).
J
7.4. Second Order Case - Corrector
The objective here is to express (7.3-1) in terms of the
function values
If3-i I '
i = 0, i,2,3,4
This is easily done by referring to (7.2-2) and (7.2-4) to get
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(7.4-1)
so that (7.3-1) takes the form
(
h 2 _ *-2 * 74_D2f 370 8 f3 + 72 f3 +
k
•v3 * *) v4f3+ 74 f3 + (74 + 76
J
Applying (7.1-3) and collecting terms then yields the matrix form
(7.4-2)
where
Y3 _'0 $ f3 + C f , (7.4-3)
C = 7 E B , (7.4-4)
7 = (72 , 7 4 , 76 ) , (7.4-5)
. [lO000]
E = 0 O 1 i 1 , (7.4-6)
0 0 0 0 1
f = f3' f2' fl' fo' f-i ' (7.4-7)
and B is the matrix of signed binomial coefficients defined by (7.1-19).
In expanded form (7.4-3) becomes the corrector formula
h2 _ *-2 5
-- 70 6 f3 + 7.Y3
j=l
Cj f3- j+l ' (7.4-8)
in which the coefficients C.
J
are calculated from (7.4-4) .
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8. The Computer Program
8.1. The Initial Value Problem
The Cowell's method computer program outlined here is
specifically adapted for tabulating certain periodic orbits associated with
the restricted three-body problem. These orbits are solutions of the special
second order system
_=x+2#-_'
(x+_) (x- _')
((x+t_) 2+y2) 3/2 - _ ((x__,)2+,,)3_2S_
(8.1-l)
_--y-2_- _' Y Y
((x+la)2+y2)3/2 - _ ((x__,)2+y2)3/2 '
where _' = (i - _), and _ is a parameter representing the relative mass of
the Moon compared to that of the Earth plus Moon. Initial conditions peculiar
to each orbit are given in the form
x(0)_ x0, £(o)= £o
y(o)= Yo' 2(o)= Yo
(8.1-2)
and it can be assumed that in each case the period is known with fair precision
(15 to 20 decimal places). A typical set of initial values is listed below:
x 0 = 0.994 ,
YO = 0 ,
=0Xo
#0 _ -2.03173262955733683566 ,
zo4
-- 0.012277471 ,
Period -- ii.124340337266085135070
8.2. Operating Instructions
The subject program was written in Extended Algol 60 as imple-
mented by the Burroughs B-5000 data processor. There are no unusual hardware
requirements and the program will run on a minimum B-5000 system with
no unusual accessories, ilt makes use of double precision floating point
arithmetic which retains 23 decimal digits in all computations. Provision is
made for the application of Cowell's method to the initial value problem
(8.1-1) using predictor-corrector formulas corresponding to differences of
even order
Q -- 2M, M = 3, 4, 5,...,i0
where Q is an input parameter to be specified by the user.
The running of a single orbit requires a total of ii input data cards
which are simple to prepare. Data entries can be in any one of a choice of
formats and separate data-sets can be sequenced indefinitely. This particular
feature is implemented by a special double precision free field read procedure.
A typical data-set is described below.
Card ......... Contains
1 x0 = 0.994
2 Yo=O
3 ±0 --0
4 YO = -2.03173262955733683566
5 _ = 0.012277471
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Card Conta ins
6 period = ii.12434033726608513507
7 Q = i0
8 co _ 5.0@-16
9 cI -- 5.0@-14
i0 _2 = 5.0@-9
ii O, or i,
If it is desired to identify a card with comments, this can be done by putting
an asterisk (*) after the number. Entries following the * are ignored by the
card read routine. The quantities eO, el, and e2 on cards 8-10 are concerned
with error tolerances in the initial stepsize selection routine, step 6 in
Figure 6; the predictor-corrector iteration, step 13; and the stepsize change
criterion, steps 20, 21, and 22. These are discussed in more detail in
subsequent sections. In Card ii a 0, indicates that more data sets are to
follow. The entry i, indicates termination of the card read procedure, i.e.,
no more data sets will be processed.
As concerns the frequency and format of the line printer output, the
current program provide_ for a print out of the integration results every Q
steps. The tabulation includes current double precision values of the
variables t, x, and y as well as integer values of certain counters designated
by STEP, P, ITER, and START. The column headed STEP gives the number of
accepted integration steps which have survived error tolerances and subsequent
restarts. The column headed P indicates that the current stepsize is Period/2 P.
ITER indicates the number of times the corrector was entered in order to
stabilize the current values of the dependent variables. START indicates the
number of restarts that have been necessary to reach the current stage of the
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integration_ i.e., it gives the number of times the stepsize change criterion
has been exercised. A sample input is included in the accompanying program
listing.
To operate the program place one or more data-sets at the end of the
program deck provided. When compilation has been completed_ runs will take
place and continue until the file of data-sets is exhausted.
8.3. Error Control
The basic error control technique used in the subject program
hinges upon reducing the second order system (8.1-1) to a first order system
by the change in variables
X=Ul_ Y_U 2 3
= u3 , # _ u4
The first order system takes the form
_l = u3 = fl(_
_2 --u4 _ f2(_
_3 = _(Ul'U2'U4)= f3(u_
_4 - g(ul'u2'u3)--f4(u_
where
u3,u4)= (x,y,_,#)u = (Ul, u2,
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This must be done in order to make use of the Runge-Kutta starting procedure.
Control is then applied to the length of the vector u given by
_u 2 2 2 2
u = i + u2 + u3 + u4
the process has already been described and flow diagrammed in Figure 7 for
the initial stepsize determination routine. For the stepsize change criterion,
the process runs as follows (see Figure 6).
20.1. Assume that the integration has been successfully carried on for
Q = 2M steps, the successive vectors u and the accelerations f3' f4 being
stored sequentially. Continue the process for M = Q/2 additional steps.
20.2. Drop back M steps and compute a vector _2M using the mid-range
fo rmu la s.
20.3. Calculate the relative difference
m
= U2M - U2M IZ
U2M J
20.4. If Z _ el, or cI < Z _ e2 then continue the integration M more
steps and retest in step 21. If ¢2 < Z go to step _3"
21. Retest. If Z _ el, go to step _2 otherwise go to step 22.
22. If eI < Z _ e2' go to step _2' otherwise go to step _3"
Step e1
Build a new table of differences using the stored values
u2i , (f3)2i , (f4)2i i _ O, 2, 4, ..., Q = 2M
and continue the integration with doubled stepsize.
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Step _2
Build a new table using the values
u2M+i, (f3)2M+i, (f4)2M+i i = O, i, 2, ...,Q = 2M
and continue the integration with stepsize unchanged.
Step _3
Drop back M steps and do a complete restart which includes a new
initial stepsize determination and table construction.
In the predictor-correcto_ iteration control is maintained on the
acceleration vector
a = (u3' _'4) "_ (_' _)
This runs as follows (see Figure 6):
12.1 Predict u
j' 2 +
12.2 Calculate a and ZI=
13.1 Correct u
13.2 Calculate a and Z2 _2 +
13.3 Test. If I(Z 2 - ZI)/Z21S cO, then go to step 14, otherwise
set ZI = Z2 and re-enter step 13.1.
9. Program Listing for Cowell's Method
The following 42 pages lists the program for Cowell's Method.
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C. The Adams Method
i. Description of Method
The method of Adams [16] is independent of the differential equations
being integrated except in that a second order differential must be considered
as a pair of coupled first order equations. In this report a pair of coupled
second order equations are being dealt with and by the Adams method these are
dealt with as if one had four first order equations.
In general, then one deals with the system of equations
.-e d -e
u (t) (t) _ (_ (t), ,= u = t) (i-i)dt
where u and _ can be thought of as vectors (4 components for this work), and
-9
U =
This differential equation is equivalent to the integral equation
__ to+At
u (t0+At) = _ (to) + ft 0 _ (_ (t),t) dt
(1-2)
This integral equation is then approximated by
q
UN+ I = uN + at Z #qp (l-3a)
p=O -P '
or
-_ q .
UN+ I = uN + At 7 # _N (l-3b)
p=O qp -p+l
Formula (l-3a) is the Adams-Bashforth predictor equation and (l-3b) is called
the Adams-Moulton corrector.
96
The coefficients #qp and # qP
are chosen so
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that N, the order of the method, is q+ i
and _ are
Explicit formulas for
1 7 +I+
/ \
where (n) represents the binomial coefficients, and the 7p are found by
the recursion relation
i i i
70 + _ 7p_l + _ 70_2 + ... p+-_ 70 = 1
(/ + 7 '+ '''
_ qp ,-1, p 7 p p+l p '
and the 7
P
are found by the recursion relation
* i i * i *
+ + + ... 77 p _ 7p_ 1 y 7 p-2 p+l 0
ifp =0
if p - 1,2,...
The error term for each is
7q+l (Z_) q+2 dq+2_
• dt q+2
(Adams-Bashforth)
and
,' dq+2_
7 q+l(_t) q+2 dtq+2 (Adams-Moulton)
The Adams method is equivalent to approximating the integral in (1-2)
by fitting _ by a polynomial of degree q using the q+l most recent points.
The coefficients _qp and _ qp were calculated by a separate program
up to q "= 16 and are considered to be accurate to at least 24 decimal places.
.
The coefficients _qp and _ qP are given in decimal form at the end of the
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program listing for the Adams method.
2. The Adams Computer Program
The program itself is written in double precision for the Burroughs
B-5000. The language is close to Algol-60 except that all double precision
arithmetic is written in Polish prefix notation. There are no unusual hardware
requirements. The program may be executed on a minimumB-5000 system having
only one card reader and one line printer.
2.1. Starting Procedure
Since the Adams method is a multistep method it cannot start
itself but must rely on a starting procedure that will supply the first q+l
points at least as a history on which it can build. The starting procedure
used here is the classical Runge-Kutta 4th order single step method.
2.2. Orders Used
The order, N = q+l was variable and can range from 5 to 17 in
this program. Not only can the order of the predictor and corrector be set
separately for each orbit but the order changes during the run as dictated
by the needs for accuracy. A maximum and minimum qva_e are set, called
qmax and qmin' for the corrector and the order used at each step is determined
by the estimated error in the last step. A parameter _q is entered and the
q value of the predictor is always q - _q where q+l is the order of the
corrector. The parameter _q can be set to zero making the predictor and
corrector of the same order and experience shows that 0 _ _q _ 2 works well.
2.3. Error Estimates and Step Size Control
In the Runge-Kutta starting procedure the error is estimated by
taking two steps of size _t and then a single step of 2At (starting at the
same point) and comparing these two. If the difference in the velocities as
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calculated in these two ways is greater than E then At is halved and a
max
new attempt is made at starting. If this difference is smaller than E
max
then the Runge-Kutta program proceeds with step size At until enough points
are accumulated to start the Adams method. The value of E and the initial
max
trial value of At are read in as program parameters with the initial data (see
operating instructions of Adams method below).
In the Adams method proper the error is estimated by the difference
between the predictor and the corrector values of the velocity. The velocity
is calculated first by the Adams-Bashforth and then by the Adams-Moulton
formula. If this difference is greater than E then an effort is made to
max
increase the accuracy, and if this difference is smaller than Emi n an effort
is made to decrease the accuracy.
A decrease in the accuracy is achieved by either decreasing q,
or increasing the step size, _t. If q _ qmin and the error is too small, q
is decreased by one. If the error is too small and q = qmin and if there is
sufficient history available, the step size is doubled. Otherwise the same
q and At are continued.
An increase in the accuracy is achieved by either increasing q,
or decreasing the step size. If q _ qmax and the error is too large, q is
increased by one. If the error is too large and q = qm_x' then the step size
is halved. Emax, qmin and qmax are input parameters and Emi n is determined
by the empirical relation E = 2 -(2qmin - qmax + 3) E . Note that if the
min max
velocities are of the order of magnitude of unit_ Emi n cannot be smaller than
about 10 -22 when doing 23 decimal place arithmetic. This places a lower
bound on E of 10-22 x 2 (2 qmin - qmax + 3)
max
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o2.4. Reducing the Step Size
In multistep methods it is most convenient to reduce the step
size by halving through interpolation. An interpolation polynomial of degree
qint is used where qint is an input parameter. For maximum accurae_ mid
point interpolation (Gaussian) was used and this requires that [qint/2] points
be abandoned each time a halving of the step size takes place. While this
seems wasteful, the interpolation procedure that kept all points so far
calculated proved not accurate enough at the orders q > 9.
Explicitly, the interpolation formula is:
qint+L-qh
g _l-T+½ Z
s=L-q h
A qh L =
s-L+qh gN-l-s ' qh' qh +I' """
where
qh
A k
qint
(2qh - 2J - l)
J=0
qint
(2k - 2J)
<J k)
J=O
and
qh-- [qint/2] (i.e., the integer part of qint/2>
2.5. Closing an Orbit
As the end of the period is approached the time interval, At
is halved until it is as small as the original At used by the Runge-Kutta
starting procedure. When the time is within 2Atstar t of the period (as
determined by input data card No. 12), a single Runge-Kutta 4th order step
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is taken which closes the period. Then an interpolation is madeto a time that
would give y _ 0. The error in closing the orbit can then be taken as either the
errors in x, y, _ and # or as the errors in x, _, # and the period.
2.6. Searching for Improved Initial Conditions
At a time close to the half period (as given by data input) a
search is made for a crossing of the x-axis in a direction specified by data
input card no. i0. The time interval At, is then successively halved as the
crossing is approached until the magnitude of the change in y for each step
is less than Emi n. Steps are then taken until the x-axis is crossed. The value
of _ at this point and the value of _ at the last half orbit are used together
with the initial _ of this and the previous orbit to do a linear interpolation
for a new initial # that will further reduce the magnitude of _. Half orbits
are run until I_I _ E
max
2.7- Data Output
The following is a description of the data output:
°
The first two lines printed give the information on the first i0 cards of
the data input. Here qmin is referred to as QMIN, qmax as QMAX, _q the
difference between the order of the predictor and the corrector as DQ, qint as
QINT, E as EMAX, iteration as ITER_ print on double as PRD, print on halve
max
as PRH, print every ste_o_ PRE_ and search for initial conditions as SEARCH.
Following this is printed the suggested starting value of _t (labeled DT),
the period of this orbit (labeled PERIOD), and the value of _ (labeled MU).
Then at each point that orbit information is called to be printed the
following is printed:
the number of function evaluations so far (labeled N),
the number of steps taken so far (labeled NS),
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the q value to be used for the next step (labeled Q),
the processor time used so far (labeled T2),
the time interval to be used for the next step (labeled DT),
the time of this orbit point (labeled T),
the position and velocity coordinates (labeled X, Y, VX, and VY).
This orbit information is always printed out at the initial point and
at the end of the period as given on data input card no. 12. At the end of
the orbit, a value of At is estimated that will give y -- 0 (At = - y/#) and
an interpolation is then made for _ (Xint = Xfinal + At _). The errors for
the orbit closure are then printed out in this order:
the difference between the initial and final value of x (labeled DX),
the value of y at the end of the period given on input data card no.
12 (labeled DY),
the value of _ at the end of the period given on input data card no. 12
(labeled DVX),
the difference between the initial and final value of # (labeled DVY),
the time interval necessary to interpolate y to zero (labeled DT),
the value of _ interpolated to the time corresponding to y = 0.
If a search for improved initial conditions is called for by the input
data, this additionaLJi'nformation_is_.prin_ed.
the orbit information at half orbit,
the new period based on this half orbit (labeled PERIOD),
the new initial value of y (labeled NEW VY [0]).
2.8. Data Input
Immediately following the program proper and called for under
the file name FILEIN are the constants _ qP and _q9' for q from 0 to 16,
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17+1
written one to the card (17 x--_-- x 2 = 306 cards of data plus two comment
cards). All other input data cards follow immediately behind these.
The data input cards are as follows:
Card No. i:
The value of qmin' the smallest q value to be used by the corrector.
This numbermust be written as a free field integer followed by a commaand
lie in the range 4 __qmin -_ 16.
Card No. 2:
The value of qmax' the largest q value to be used by the corrector.
This numbermust be written as a free field integer, followed by a comma,and
lie in the range qmin -_ qmax-_ 16.
Card No. 3 :
The value of _q, difference between the order of the corrector and the
order of the predictor. If the predictor and corrector are to be of the
sameorder enter 0, if the corrector is to be one greater than the predictor
enter i, etc. This numbermust be a free field integer, followed by a comma,
and lie in the interval 0 ___q __qmin - 4.
Card No. 4:
The value of Emax. The maximumacceptable difference between the
predicted value of the velocity and the corrected value of the velocity. This
number must be a free field single precision real number, followed by a comma,
and satisfy the inequality E _ 10-22 x 2 (2 qmin-qmax+3) .
max --
Card No. 5:
The literal phrase "YES" or " NO" to denote whether the corrector is to
be iterated at each point until two successive values for the velocity are
smaller than Emin, or not. If " NO" here the corrector will be applied just
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once. This entry must be a free field literal of 3 characters followed by a
comma.
Card No. 6:
The literal phrase "YES" or " NO"to denote whether printing of the
orbit information is to take place after doubling the step size_ or not.
This entry must be a free field literal of 3 characters followed by a comma.
Card No. 7:
The literal phrase "YES" or " NO" to denote whether printing of orbit
information is to take place after halving of the step size, or not. This
entry is a free field literal of 3 characters_ followed by a comma.
Card No. 8:
The literal phrase "YES" or " NO" to denote whether printing of orbit
information is to take place at every step, or not. This entry must be a
free field literal of 3 characters followed by a comma.
Card No. 9:
The literal phrase "YES" or " NO" to denote whether a search for improved
initial conditions is to be conducted. This entry must be a free field
literal of 3 characters followed by a comma.
Card No. i0:
A i or -i to indicate the direction of the axis crossing at half orbit.
A i if # > 0 or a -i if # < 0 at half orbit. Even though this information is
used only if a search for improved initial conditions is requested_ this card
must always be included in the data input. This number must be a free field
integer followed by a comma.
Card No. ii:
The value of Z_t_the trial value for the initial step size. (If this
step size is too large it will be halved until small enough to satisfy the
z6z
¢_Lcuc_c _xr CALC_fE N_Xr
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Figure 8. The Flow Diagram for the Adams Method.
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Figure 8 (Continued). The Flow Diagram for the Adams Method.
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error requirements). This number must be a free field double precision real
number not followed by a comma.
Card No. 12:
The value of the period for this orbit. This number must be a free
field double precision real number not followed by a comma.
Card No. 13:
The value of _. This number must be a free field double precision real
number not followed by a comma.
Card No. 14:
The starting value of the x coordinate. This number must be a free
field double precision real number not followed by a comma.
Card No. 15:
The starting value of the y coordinate. (This number must be present
even though it is zero.) This number must be a free field double precision
real number not followed by a comma.
Card No. 16:
The starting value of the x component of the velocity, _. (This number
must be present even though it is zero). This number must be a free field
double precision real number not followed by a comma.
Card No. 17:
The starting value of the y component of the velocity, #. This number
must be a free field double precision real number not followed by a comma.
If several orbits are to be run the sets of starting values are stacked behind
each other.
It is also possible to put comments on the data cards by observing the
followwing rules. For free field integers and single precision real numbers
a slash_ /_ indicates that all the field on this card following the slash is
164
to be ignored. For double precision real numbersan asterisk, *3 indicates
that all the field onthis card following the asterisk is to be ignored.
Commentscan be written on the data cards following the slash or asterisk.
3. Flow Diagram for the Adams Method
Figure 8 gives a detailed flow diagram of the computer program for
the Adams method. The symbols and terminology used in the flow diagram
correspond to those in the above discussion and in the program listing.
4. The Program Listing for the Adams Method
The following 31 pages list the program for the Adams method.
Also listed at the end of the program are the Adams coefficients
[q,p] and _ [q,p] from q = 0 to 16 and p -- 0 to q.
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OO OO
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OO OO
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OO OO
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O OOOOOOOOO OO OOO O
O OOOOOO OOO OO OOO O
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O OOOOOO (DOO OO OOO O
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O OO OOOC) OO OOO OOO O
O OO OOOOOO O OO OOO O
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0 0 _4 _0 _ C_IO C_ Ckl O_ --_If_ _ID _'_0 0 0
0 000 --_ _q U_ _D _ _:_ _'_ _-_0000 0
0 0 000 000 0 0000 O0 0 0
0 0000 00000000 O0 00
0 0000 0000 0 O0000 0 0
0 0000 0000000000 0 0
0 0 0 O0 00000C)O O00 0 0
0 0000 0000000000 00
0 0000 0000 0000 O00 0
0 O0 O0 O0000 C) O00000
0 0 0 O0 0000 0 O00 O0 0 0
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0 0000 00000000 O00 0
0 0000 00000000 O0 0 0
0 C) 0 O0 0000 000000 0 0
0 0 0 O00000 000000 0 0
0 0000 0000 000000 0 0
0 0000 O00000 O0 O0 00
.4- I ÷ I -I- I "4" I 4" I "_- ! ÷ I "4" I -l-
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D. The Method of Runge-Kutta-Fehlberg
i. Introduction
This section of the report presents the results of a study of
Runge-Kutta type formulas of high-order accuracy developed by Erwin
Fehlberg [18], [19] an_ applied to systems of second-order differential
equations.
The presentation of these results is broken down into two parts. The
first part is a discussion of the theory and the second part is the double-
precision program which was'written for the Burroughs B-5000.
2. Theory
In a rotating coordinate system, the equations of motion of a
space vehicle in the Earth-Moon System are:
--f(x,y,#)--x+2_- _'
2-- g(x,y,_) = y- 2_-
!
. x+ _ x- _
((x+_)2+_)3/2 - _ . ((x__,)2+j)312
, Y Y
((x+_)2+_)3j2S _ - _ . ((x__,)2+9)3/2 (2-1)
where _' = i - _ with 2 representing the relative mass of the Moon.
Intro(l_cing into (2,_!)the following four auxiliary functions:'
2 x+_)2 2 2 )2+_r = ( +y , s = (x-_' ,
u = _,/r 3 _/ 3V = S #
(2-2)
system ('2']):becomes
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= x + 2f - u(x+_) - v(x-.') ,
-- y - 2_ - uy - vy
r_ + 3u9 = 0 ,
(2-3)
s% + 3v£ = 0
Substituting the following power series expansions, in terms of h. =
J
(t - t j) about the point t j, into (2-3)
x= Z x (hj)i hji=o i , y= Z Y ( )ii=0 i
u = 7, U (hj)i hj (2-4)i=o i , v= Z v ( )ii=O i
r= 7, R (hj) ii=O i , s = 7'i=0 S.z (hj)i
and equating the coefficients of like terms, the following recurrence formulas
for the power series coefficients in (2-4) result:
n }R = X.X + + 7, y Y - 7, /2R 0n =0 i n-i 2_Xn i--0 i n-i i=l RiRn-i
(f n }= X.X - 2_'X + 7, Y.Y - 7, SiSn_ i /2S 0Sn =0 1 n-i n i=0 1 n-i i=l
I n n-I }U = -3 Z iR.U - Z iU.R /nR 0n i=l z n-i i--i i n-i
_ n n-1 }/V = 3 7, iS .V - 7, iViSn_ i nS 0n i= 1 m n-i i= 1
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Xn+I = IXn_l + 2nYn
Yn+l -- iYn-i - 2nXn
n-i }= ' - Z (Ui-Vi)Xn_l_i In(n+l)_Un- i+_ Vn- i i=O
nl }7. (Ui-Vi) Yn-l-i /n(n+l) , (2-5)i=O
where n = 1,2,3, ... For n = i, the last sum of the first four equations
in (2-5) must be omitted.
.th
At the start of the j integration step, the initial values for the step
determine the initial coefficients as follows:
X0 = x.j , YO = Yj '
XI = i.j , YI = Yj '
,_uo== _,ho3 , vo = _/So3
(2-6)
After computing, through formulas (2-5), a sufficiently large number, m, of
consecutive derivatives of x and y with respect to t, in the form of the
coefficients Xn and Yn' we then apply the Runge-Kutta procedure, described by
Fehlberg [20], to obtain (m+4)-th-order accuracy.
Introducing new variables XT, YT' :_2' and YT by the following trans-
formations :
m+2 m+2
xT = x - 7. X. (hj)i hj)ii=l _ ' YT--Y- Z Y" ( 'i=l l
(2-7)
m+2 m+2
XT = _ - _' iX. (hj)±-i (hi)i-1i-l _ ' YT --:_- Z iY.i=l l
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the original differential equations (2-1) are transformed accordingly:
-- fT( t, XT,YT'#T)
m+2
f(x,y,#)- Z
i_2
i(i-1)xi (hi)i-2
_T-- gT(t'xT'YT'_ )
m+2
= g(x,y,x) - Z i(i-1) Yi (hj)i'2 (2-8)
i=2
The initial values of the transformed variables for starting an orbit
are
(_r)o_ Xo , (Ym)o = Yo '
(_m)o= o , (_m)o = o (2-9)
For equations (2-8) the following Runge-Kutta formulas develop (m+4)-th-
order accuracy for x_y,_, and # with only three substitutions per time step,
Atj -- (tj+l-t j) :
kl = AtjfT(tj+_iAtj , (XT) J , (yT) j , 0) ,
_i--AtjgT(tj+_iAtj ' (XT)j ' (YT) J ' 0) ,
k2 _ atjfT(tj+(_2At j , (xT) j + #0klAtj , (YT) j + _0_latj, _i_i )
_2 = AtjgT(tj+_2Atj ' (xT) j + _0klatj, (YT)j + 80_iAtj, 81kl )
k3 _ AtjfT(tj+C_3At j , (XT) j + _0klAtj + 50k2At j , (YT)j
+ TO_iAtj + 50_2g_tj , 71_ I + 81_ 2) ,
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and
_3 = AtjgT(tj +_3Atj ' (xT)j + 70klAtj + 50k2Atj ' (yT) j
+ 70_iAtj + BO_2mtj , 71k I + 82k 2) ,
(2-io)
(xT) j+ I = (XT) j + (Clkl+C2k2+C3k3) Atj ,
(YT) j+ I _ (yT) J + (Ciii+C2_2+C3_3) Atj
_. ! ! !
(_) j+l Clkl+C2k2+e3k9 '
(2-ii)
= I+C2_2+C313(_)j+l c{_ ' ' ,
where
m+2 _3 i
_i = i , _2 = m--_ ' = '
2 (m+2_ m+l
_0 = (m+4)2 " k_+4 /
i {m+2_ m+l
, _i =_
m+4 \_+4J
i --0 2 {m*4_
70 = 0 , 71 - - m+--_ ' 50 ' Bl m+--_ " k_]
1 {m+4_ m+l
cI -o, c2 --_m+2)(_+3_\_-a] , c3 --o,
' = 0 , 1 m+4 {m+4_ m+l 1| --_.
Cl , c2 "__'Z-_Tfr#_ " _+2] , % 2
m+l
i
m+3
(2-]_2)
The following fourth substitution yields improved values, _ and YT'
which are more accurate by one power of Atj
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k4 -- AtjfT(tj+_4Atj , (XT)j + eoklAtj + _ok2Atj + _ok3Atj ,
(YT)j + e0_iAtj + _o_2Atj + qo_3Atj , 61_i + _i_2 + ql_3)
_4 = AtjgT(tj+O_4Atj ' (XT)j + eoklAtj + _ok2AtJ + qok3Atj '
(2-_3)
(YT)j + e0_iAtj + _o_2Atj + _O_tj , elk I + _ik2 + _ik3) ,
and
A _ A A
(_T) j+l = (XT) j+(Clkl+e2k2+Csk3+e4k4) Atj ,
(_T)j+ I = (YT)j+(CI_I+C2_2+C3_3+C4_4) Atj ,
(2-14)
where
#m+ 5
_o: o, __: 7 . • \_) ,
_0 = 0 , _1 - _ (m+5)2 " <m'+-'5)
3 i (m+2D m+l
"qO = _ (m+5)2 <m--'__) '
"G1 = _ -_ (m+5)2 " Lm'-+-'5)
m+l
^ ^ ^ i i
C1 = 0 , C2 : 0 , C3 : _ • (m+3)(m+4)
m+5 (m+5_ m+l
(m+2) (m+3) (m+4) "L_-2)
(2-m5)
2O2
by
The approximate value of the truncation error in both variables is given
(_x)j+_--l(xT)j+_-(_T)j+iI
(_y)o+_--I(YT)>_-(_)j+lI
(2-16)
Since the evaluation of fT and gT' necessary in equations (2-10) and
(2-13) can be accomplished only through the relationships given in (2-8),
the following inverse transformations must be executed:
m+2
xj+ I = (XT)j+ I + _ X. (Atj) i
i= I i
m+2
Yj+I = (YT) j+I + _' Y" (Atj)i
i=l i
(2-17)
m+2
][j+l = (_)j+l + _' i X. (Atj) i-I
i=l i
Yj+I = (YT) j+l +
m+2
Z i Y. __(Atj)i-i
i=l i
thus allowing values of (f)
(2-i).
3.
and (g) to be obtained through equationsj+l j+l
Equations (2-8) now yield values of (fT)j+ I and (gT)j+ I.
The Runge-Kutta-Fehlberg Computer Program
A Burroughs B-5000 ALGOL program was written in double precision to
implement the integration procedure described in the preceding paragraphs. A
concerted effort was made to duplicate the numerical method as closely as
possible. A flow chart of the program is presented in Section 4 and a listing
of the program in Section 5.
2o3
There are four options under which the program may be run. The first
option produces values of x, y, _, #, t, the step size, the Jacobi constant,
the distance to the earth, and the distance to the Moon at the beginning and
at the end of a full period. A period is determined to be complete when
IYl _ cI after a given time equal to 99_ of the approximate time for one
period. The value of eI and the approximate time for one period are input
parameters (EPSI and PER respectively).
The second option produces the same output as the first. However, under
this option it is produced at each time step around the orbit.
The third option allows the user to iterate on a given set of initial
conditions until an orbit is produced which is periodic within a prescribed
error tolerance or until the initial conditions no longer improve. The
technique employed consists of interpolating on successive half-orbit values
of xl and # initial, to produce an improved initial value of #. The process
terminates when at half-period I_I _ _2 or when I_I has failed to improve on
three successive half-orbits. The value of _2 is an input parameter (EPS2)
and the half-period point is determined in a manner similar to that described
for determining the full period point.
The fourth option is the same as the third except that it provides for
a printout of the values described in option one at each time step during
each half orbit.
It should be noted that at the end of an orbit under all options the
total number of steps taken for that orbit is printed out.
Automatic step size control is an inherent part of the program. Values
for a particular time step are accepted if_ and only if, neither of the
following conditions exist:
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T T
x >i, > i
where T and T are measures of the truncation error as described in the
x y
paragraphs on the numerical method and _ is an input parameter (EPS). If
either condition exists_ the step size is halved and the values are re-
computed.
Doubling of the step size for the next step will occur if, and only
if, both the following conditions are satisfied for the current time step:
Tx (ii m+5 _ <i) m+5c--]_< , <
where m has the same meaning as described earlier.
There are no unusual hardware requirements. The program may be executed
on a minimum B-5000 system having only one card reader and one line printer.
3.1. Data Input
Input data for the program is supplied to the program in sets.
There is no limit to the number of data sets which may be queued in the card
reader for processing at one time.
A data set consists of 23 parameters. These parameters are of single
precision, double precision, and logical value. The read mode which was
selected is Free-Field Input.
All Free-Field Input is in the form of free-field data sentences. Each
field in a sentence is associated with the list element to which it corresponds
according to position.
A number which is represented as an INTEGER will be converted as an
INTEGER unless it is larger than the largest allowable integer, in which case
2o5
it will be converted as REAL. Numbers which contain a decimal fraction will
be converted as REAL.
For the purpose of Free-Field Input, an INTEGER i (one) must be used
in lieu of the logical value TRUE, and an INTEGER 0 (zero) must be used in
lieu of the logical value FALSE.
The delimiters for the single precision and the double precision free-
field read are different. For the single precision read_ a comma is used for
a delimiter. However, for the double precision read, a space (blank column)
is used as a delimiter. Also, it should be noted that a double precision
number and a single precision number must not be on the same card.
The data sets must always be arranged in the following order. The first
15 of the parameters will be read in under single precision free field and
should be formatted accordingly.
r
max
r
min
s
max
s
min
t
max
m
the maximum allowable distance between
the orbiting body and the Earth.
the minimum allowable distance between
the orbiting body and the Earth.
the maximum allowable distance between
the orbiting body and the Moon.
the minimum allowable distance between
the orbiting body and the Moon.
the maximum allowable time for one
orbit.
the number of terms of the power series
expansion to be considered.
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cI
¢2
PER
dI
PLT
PRITR
the truncation error tolerance for
halving the interval size in the test,
T
x
--F F> 1
the error tolerance involved in the
test, JYl < _i' during the iterative
procedure for producing periodic orbits.
the error tolerance involved in the
test J_J < _2' during the iterative
procedure for producing periodic
orbits.
the approximate period of the orbit.
the direction of crossing at half
period, dI equal a +i if crossing is
from plus to minus, and -i otherwise.
the input file closing variable; should
be an INTEGER 0 (zero) for all data
sets except the last one in which case
it must be the integer i (one). Should
be the INTEGER i if only one data set
is to be read in.
an output option. Should be the
INTEGER i if it is desired to print each
set of improved initial conditions when
iterating to produce a periodic orbit;
otherwise, should be the INTEGER O.
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ITER
PRINTSTEP
an input option. Should be the
INTEGER i if it is desired to iterate
on the initial conditions; otherwise,
INTEGER O.
an input option. Should be the INTEGER
i if it is desired to print each time
step for a complete orbit; otherwise,
INTEGER O.
This completes the list of single-precision input parameters. The
remaining eight input parameters must have the double precision input format
described previously.
x0
YO
Xo
the initial value for x.
the initial value for y.
the initial value for _.
the initial value for #.
the previous value for xz to be
used in interpolating at half orbit.
the previous value for # initial to
be used in interpolating at half orbit.
to the starting time for an orbit.
ho the initial step-size interval.
This completes the list of input parameters.
2o8
2o9
o
o
i
!
@
o
gt
b.O
.H
0
r-t
2_
E--t
d,
b.O
.H
4. Flow Diagram for the Runge-Kutta-Fehlberg Method
Figure 9 gives a flow diagram for the Runge-Kutta-Fehlberg
computer program.
5. The Program Listing for the Runge-Kutta-Fehlberg Method
The following 24 pages comprise the program listing for the Runge-
Kutta-Fehlberg Method.
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0000000000000 O0
00000 0000000 O0
000000000000 O0
000000000__
000000000000 O0
000000000000 O0
000000000000 O0
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
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O0 00000000 0000
O0 00000000 0000
O0 00000000 0000
O0 00000000 0000
O000000000 0000
O0 000000000000
0 0 0 O00000 0000 0
0 0 0000000 0000 0
0 0 0 O00000 0000 0
0 .,-, OJ _'_..1" _'1 ,,0 _.- aO O_ 0 --40,,I o'_
_ ..,-r .,1- ..1- .ml- .,_ .,1- ._r ._ lf_ I,CI i.in
0 0 00000oo ooo0 0
0 0 0000000 0000 0
0 0 0 O00000 0000 0
O000000 0 000 00000000 0000000
O000000 0 O00 O0000000 0000000
O000000 0 O00 O0000000 0000000
O0 00000 0 O00 00000000 000 0000
O000000 0 000 00000000 0000000
O000000 0 000 O0000000 0000000
!--
--I
IL
W
Ok
0,,I
oO
O-
W
O_
W
O.
W
--I
X _[:
,,,=: >,,.
C)
I,--
_. J
2' I
"5" _J
'_ W X _
_ _0"_
.,.,i=. n." I-- X I-- L,,J *-,,>-
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0 0 0000 000000 000000000000000000000 000 000 0
0 0 O0 O0 000000 0000000000000000000000 O0 0 O0 0
0 0 O0 O0 000000 000000000000000000000 000 0 O0 0
0 ,.'_ O_t'_ ,':_ _ '_01'.,. aO C_ O,,-I C_ t_ _1" Uf_Ol,... aOC_, 0 .-, _ _ _ _ _ _ _ _ 0 _ _ _ _ _ _ _
CO aO aO aO cX) _X) _OcO aO aO O_C_ O_ C_C_ O_ C. O_ O_ C_ 0000000000 ,....,,,..._,,-,, .,,._ ..-, _..., ...., ,...o ,,..,, ....i
0 0 O0 00 O000 O0 00000000.-, _-, ,,-, ,,-4 _-, ,.-, .,-, _-4 t-, .,-, .,-, .,-, .-, .,-, .,-, .,-, .-, q-,... _
0 0 O0 O0 000000 000000000000000000000 000 000 0
0 0 O0 O0 000000 00000000000000 0000000000 0 O0 0
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W
r_"
W
CD
n,,"
Q..
::D
_ Z
II -- MO
_0 _..._ _D t_
CD
I._ OZZ_
Z _-, _D ¢:_
X n," ::_ c,q
,_.-,L_ I-...L_ t.5
I---:_ C3 _0 Z
_WZ_
",_ _ _ Z .-I
r_ZZW_
J
"It
W
.J
W_
W Z
_W W
0 000000000000000000000 O0 0000000000000000
0 000 O0 0000000000000000 O0000000000000 0000
0 000 O0000000 O000000000 O0 0000000000000000
0 _ _ _ _ 0 ___ _0 _ __0__ _ _
0 000 O00000000000000000 O00000000000000000
0 000 O0 0000 O0 O000000000 O000000000000000 O0
Z
bJ
"1-
).-
oO
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oe4
/
C)
I..-
CD
Z
l.m.l
"I"
I: W
re)
II ...I ,,_ N,
•,,_ n" !,_ 00
W 0
•.4 Z > II !1 n
¢,._I.m N II "" --
r_ ee ee
0 O0000000000000000000000000000000 0000 O00
0 00000000000000000000000000000000 0000 O00
0 O0000000000000000000000000000000 0000 O0 0
0 .-40J f_,_._r ul_ _0 I_. aO O_ 0 .-.40d (v) _1" ur_,,O r,,,. oD O_ 0 ,,_ Oj _ _ _ _ _ _ _ 0 _ _ _ _ _ _ _ _
0 O000000000000000000000000 0000000 0000 O00
0 O000000000000000000000000000 O0 O0 0000 O00
_5
00000 0000 0 00000 000 0000 O0 0 O0 0000000000 000
00000 0000000 O0 O0 000000 O0 0 O0 0000000000 000
00000 0000000 O0 0 0 O0 000000 0 O0 000000000 0 O0 0
0 O000 00 0 0 0 ....,.-,, ...4.,..4 ..., ..w ,,-.i...., ...._ .,..., 04 04 04 04 04 04 0_ 04040_ _ _ _ _ _ _ _ _
0_04 O_ (k104 O_ O_ 040404 O_ OJ OJ OJ O_ O_ 04 O_ 04 O_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
000000000 0 O0 0000 00000000 0 00000000000 0000
00000 O0 0 0 0 O0 O0 0 0 O0 0 O0 0 O0 0 O0 0000000 000 000
II
Z
W
CO
J
Z
_6
..I
_"_0
C.__l
W
O.
L_J W
I-- W W
uO OC O_
-3 --_
W W
,,,-_tS, I _ L_ Z _ bJ Z
_ X ::IF- _'_ > - "_ _'_ O_
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i,_4 _i._ i..=i i_ i..=.i s_._ im¢ ii...._
I0 0 0000 000 000 0000000000 O0 O0 O0 O0000 000 0 O0 0
0 0 0000 000 000 00000000000000 O0 O0000 0000 O0 0
0 00000 000 000 0000000000 O0 O0 O0 00000 000000 0
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E. The Method of Runqe-Kutta-Shanks
i. Introduction
The procedure described here is a generalization of the Runge-
Kutta method for solving a system of differential equations. It is applied
to the system of second-order differential equations
_ = x + 2_' - b'
(x+_)
[(x+b)2+y213/2 - b
(x-b')
[ (x-b')2+y213/2 '
y = y - 2_ - P`' Y Y
[(x+p,)2+y2] 3/2 - g' [(x-b')2+y213/2 '
with the initial conditions
x(O) = xo ,
_(o) = _o '
y(O) = Yo , _(o) = _o •
The constant P` is the ratio of the mass of the moon to the combined mass of
the earth and the moon, while P`' = 1 - P`.
Before applying the Shanks method_ this system must be reduced to the first-
order system:
= U,
---- V,_
O = x + 2v - P`'
x+p`
/
[ ( x+_ ) 2+y2] 3/2
X-p`'
[ ( x-p,' ) 2+y2] 3/2 '
{," = y - 2u - P`' Y ! P`
[ (x+p`)2+y213/2
Y
[ (x-p,')2+y213/2 '
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with the initial conditions
x(O)= xo ,
y(o)= Yo '
u(O)= _o'
v(O) = 90 .
2. Description of the Method T
The Shanks method is a single-step procedure for finding a numerical
solution of a first-order ordinary differential equation or system of dif-
ferential equations in which the derivatives of the dependent variables may
be expressed explicitly as functions of the dependent variables and the
independent variables.
Consider the system of differential equations
_I.=
where
g(t) =
and
/7(t,u) = "
V:p(t,ul, .Up)/
-9.
-+
Suppose the value of u(t) is known. The value u(t+h) is approximated by
n -+ -+
u(t+h) = u(t) + h 7, 7i fi(t,h,u), where
i=O
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f0(t,h,u_--_ (t,u_,
f (t,h,_--_(t+_ h,u+_ h
l 1 1
i-i
Z
j-O
_ij _j)' i = 1,2,...n ,
and the coefficients _i ( i = 1,2,...,n), _ij ( i = 1,2,...,n; j = O,l,...,i-l),
and 7i ( i = O,l,...,n) are known.
A special case of the Shanks formula is the fourth order Runge-Kutta
formula :
i i
_i0 = i, _20 = O, B21 = i, _30 = O, _31 = O, _32 = i ,
i i i I
7o =_, 7l=l, 72--y, 73_ •
For the system under consideration, t does not appear explicitly; hence,
only the products O4Bi ij' (i = 1,2,...n; j = O,l,...i - i) are used. For
useful values of the various combinations of _, _ and 7, see Shanks [21].
3. The Computer Program for the Shanks Method
This procedure was programmed for the B-5000 computer in the B-5000
ALGOL language. Double precision arithmetic was used (23 decimal digits).
This program can be used with arbitrary Shanks predictor and corrector
formulas for the system of differential equations under consideration.
3.1. Error Estimates and Step Size Control
In this study a predictor and a pseudo-corrector with continuous
--) -9
step size control were used. Suppose u and u are the estimates of _ (t+h)
p c
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approximated by the predictor and the corrector, respectively. An error
is calculated. If E2 _ E2 where E is a given error tolerance, the
max' max
step is rejected; otherwise, it is accepted. In either case, the step size
is multiplied by a factor
02 + E2J
where p is the order of the Shanks formula being used and E0 is a specified
error tolerance (E0 < Emax). This method of step size control is emperical.
3.2. Searching for Improved Initial Conditions
This procedure has the option of improving initial conditions,
provided that y = £ = 0 for the initial conditions. Within a specified
region, the procedure checks at each step to find whether the orbit has
crossed the x-axis. When the x-axis has been crossed, the procedure compares
absolute value of y with a given tolerance e1. If lycl _ el, the previousthe
step is rejected, the step size h is set to - y/# and another step is taken.
Otherwise, the absolute value of x! is compared with a specified tolerance
2
c2. If I£iI < _2' the initial value of # for that half orbit is taken as the
corrected value of the initial # and 2 (t+h) is taken as the corrected value
of the period. Otherwise, a new initial value
_(k-1)_ (k) _ #o(k)_i(k-l)
2 2
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(In the above formula yn (k) denotes theis found and the iteration continues.
initial value of # for the kth half-orbit and _i (k) denotes the value of xl
given by the corrector formula at the half-period for the kth half-orbit).
3-3. Closing an Orbit
There are two options for stopping at the end of a full orbit.
One is to stop when t is equal to the period. The other is to continue until
the x-axis has been crossed within a specified region. When the orbit crosses
the x-axis, the absolute value of Yc is compared with e1. If lycl _ el, the
orbit is considered complete; otherwise, the previous step is rejected, the
step size is set to - y/_, and another step is taken.
Using either option, the procedure computes _ after a final step by
linear interpolation, using the formulas
l--
h =- yclYo
_=_h+x
c c
_.4. Data Input
Operating Instructions
i. Load the ALGOL program.
2. Load the following information:
(a) order of the predictor (as a free field integer),
(b) number of terms in the predictor (as a free field
integer),
(c) order of the corrector (as a free field integer),
(d) number of terms in the corrector (as a free field
integer),
(e) p (as a free field integer).
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S. For each term in the predictor, express the coefficients
o_ as fractions with a common denominator. Load all the
numerators for that term, then the denominator (as free
field integers).
4. For the predictor, express the coefficients 7 as
fractions with a common denominator. Load all the
numerators, then the denominator, in free field integer
form .
5. Repeat (3) - (4) for the corrector.
6. Load the following information as free field double
precision real variables:
(a) Period
(b) Initial x ,
(c) Initial y ,
(d) Initial _ ,
ie) Initial9,
(f) _ •
7. Load the following information as free field single
precision real variables:
(a) Initial step size,
(b) Tolerance level E 0 ,
(c) Maximum tolerance level E
max
8. Load a printin 9 option: i if the results of every
step are to be printed, 0 otherwise (as a free field
integer).
9. Load the following options (as free field integers) :
(a) i if improved initial conditions are to be
found, 0 otherwise;
(b) i if the procedure is to terminate when improved
initial conditions are to be found; 0 if a
complete orbit is to be run •
lO. Load the following information as free field single
precision real variables:
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ii.
(a) the tolerance eI on the y,
(b) the tolerance _2 on the _,
(c) a time test constant for the half-period
(must be less the actual period/2),
(d) a time test constant for the period,
(e) the sign of y after crossing the x-axis at the
half-period (+i if positive, -i if negative),
(f) the sign of y after crossing the x-axis at the
period (+i if positive, -i if negative).
If improved initial conditions are to be found, load
the following information (as free field double
precision real variables):
(a) an estimate of _ at the half-period,
(b) an estimate of the initial # that will give
the above _ at half-orbit.
12. Repeat (6)-(11) for all problems to be run with the
same predictor and corrector.
13. Load a zero as free field double precision real variable.
14. Repeat (2)-(13) for all predictor-corrector
combinations to be used.
15. Load five zeroes as free field integers.
16. Load an end-Of-deck card.
Note that all free field integers and single precision real variables must
be followed by a comma. All double precision real variables must not be followed
by a comma, but must be followed by one or more spaces (blanks). As many
numbers may be put on a card as is convenient but no card may contain mixtures
of single and double precision numbers. In single precision a slash indicates
that the rest of the card is to be ignored. In double precision an asterisk
indicates the rest of the card is to be ignored.
4. Flow Diagram for the Runge-Kutta-Shanks
Figure i0 gives the flow diagram of the computer program for the
Runge-Kutta-Shanks method.
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5. The Proqram Listinq for the Runqe-Kutta-Shanks Method
The following 21 pages list the computer program for the Runge-
Kutta-Shanks method. Also listed at the end of the program are the coefficients
for the Shanks 7-9 and 8-12 formulas [21].
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V. RESULTS AND CONCLUSIONS
A. Results
The results of some computer runs for various Arenstorf restricted
three body orbits by the different methods are presented in Tables V_ VI_
and VII. Three different orbits were chosen for testing the methods. Orbit
number 1 (Figure i) comes close to the earth but not close to the moon.
Orbits number 2 and 3 (Figures 2 and 3) come close to the moon but not so
close to the earth.
Table V summarizes a series of runs made at relatively low orders (5 to
9) and accuracies (= 10 -12 ) for all five methods. An attempt was made here
to use more or less corresponding orders for each method and choose sets of
runs having approximately the same accuracy. The comparisons of the methods
are then based on the number of steps and time taken to complete the orbit.
Table VI surmmarizes a series of runs at orders 12 and 13 for the
Runge-Kutta-Fehlberg and Adams methods. The accuracies here were held to
around 10 -14. Table VII then summarizes a series of runs at orders 14 to 16
for the same methods. Here the accuracies were held to about 10 -16 .
The errors given in Tables V, VI_ and VII are expected to be almost entirely
due to the truncation error of the method and not to rounding. None of the
methods used involve arithmetic operations prone to producing large rounding
error (such as matrix inversions). With 23 decimal place (floating point)
arithmetic rounding errors ought not be produced as far over as the 16th or
17th place. Also it can be demonstrated by the simple expedient of reducing
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the step size or error tolerances, that the final errors can be reduced. If
the final errors were dominated by rounding, a reduction in the step size or
increase in the number of steps would increase the final error.
B. Conclusions
i. The Lie Series Method
The Lie Series Method used here is basically a low order method
(7th order in the position, 5th order in the velocity). It showed up well at
lower accuracies (around 10 -9 ) but for the higher accuracies the number of
steps required increased rapidly.
Some information was obtained on the best value of a to use (_ + i is the
number of points used in evaluating the integrals in the Lie Series). Since
the order of integration is the same for an even value as for the next higher
odd value of _, there is no point in using an odd value. In this study s = 2
and a = 4 were tried. At low accuracies (= 10 -9 ) _ = 2 gave comparable accuracy
to _ = 4 but ran 50_ faster. At higher accuracies (= 10 -12 ) _ = 4 ran about
50% faster than _ = 2.
It was seen also that theLie Series method worked better with the orbits
that did not come so close to the singularities. For exampl_ it took three
times as long to run orbits 2 and 3 as it did to run orbit 1 (see Figures l,
2, and 3).
One anomalous feature that exhibited itself in the Lie Series was that the
net error in the velocity at the end of one full orbit was generally several
orders of magnitude greater than the product of the number of step times the
average error per step. This discrepancy was worse for orbits 2 and 3 than
for orbit 1.
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The method of step size control used here for the Lie Series worked quite
well. Several other methods of step size control were tried but did not work
as well.
While it is possible to extend the order of the Lie Series by evaluating
more terms in the series (increasing _) and/or increasing _, it is questionable
as to whether the additional time spent in evaluating higher derivatives could
be compensatedfor by a larger step size.
2. The Cowell Method
The Cowell method described in this report did not perform as well as
had been anticipated. The net cumulative error at the end of a complete orbit
was many orders of magnitude greater than would have been expected from the
error criteria. That is, the final error was considerably greater than the
product of the number of steps times the maximum error per step (the maximum
error per step being determined by the mid-range formula). The error
accumulation was a gradual process distributed over the entire orbit. There
was, however, a noticeable increase in error accumulation in the vicinity of
a singularity.
There are several possible explanations for this failure of the Cowell
method to give high accuracy:
(i) There could be an error in the computer program.
(2) The step-size control procedure, based on the mid-range formula,
may be basically unsound.
(3) The Cowell method as described in this report exhibits some
instability. Consider the first of these possibilities; all the usual pre-
cautions were taken to insure that the computer program was correct. The accuracy
of the program was checked by several different people° Many runs of several versions
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of the program were made with extensive monitoring of intermediate results.
Although programming of the B5000 in double precision proved to be treacherous 3
it is hard to believe that the difficulties experienced with this method are
due to program errors.
The possibility of an unsound step-size control procedure was investigated.
The step-size control procedure was changed to make it dependent on the
difference between the predictor and the eorrector. The results of computer
runs made with this version of the program were no more accurate than results
obtained from the version in which the step-size control is based on the mid-
range formulas.
There is the possibility that the Cowell method used here is unstable.
The Dahlquist criterion for stability cannot be applied directly in this case;
therefore, no proof of either stability or instability is known.
3. The Adams Method
The results of the investigation were favorable. Specifically_ the
following was learned.
Varying the order, or q, during the running of an orbit does not produce
better results than when q is held fixed. Changing the order from step to step
should help in randomizing the truncation error, but no improvement was found.
There seems to be some advantage in making the order of the corrector one
or two greater than that of the predictor. This advantage is slight.
Using the difference between the predictor and the corrector for error
control worked quite effectively.
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Whenthe iteration option was used_ (that is whenthe corrector was applied
repeatedly until the difference between two successive iterations was less
than Emin) the average numberof applications of the corrector was not excessive
and averaged about 2 in the runs listed in Tables V_ VI_ and VII.
The step size alteration worked well. In a multistep method it is difficult
to do anything other than double or halve the step size. Doubling requires that
a large history be maintained and halving requires an accurate interpolation
scheme, but both conditions were met satisfactorily.
4. The Runge-Kutta-Fehlberg Method
The results of the investigation were favorable especially at the
higher orders. The method of error control worked well.
Two improvements may be possible here with the error control. First, an
error control based on the velocity rather than the position has been
developed by Fehlberg [19]. This may increase the accuracy significantly.
Second, halving and doubling is not an efficient way of changing the step
size for a single step method. A less drastic change or continuously changing
step size could eliminate the necessity of ever repeating a step. This
procedure worked well in the Runge-Kutta-Shanks method.
5. The Runge-Kutta-Shanks Method
The results of the investigation were favorable. The method of error
control and step size alteration worked well.
The step size control was especially effective. For the runs listed in
Table V, no step was ever rejected for being too large once a satisfactory
starting step size was found.
One disadvantage in the Runge-Kutta-Shanks method is the necessity of
making two distinct calculations at each step to determine the error. An
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extension of the Rt_nge-Kutta-Shanksmethod to provide for a fast and easy
error estimate (as in the Runge-Kutta-Fehlberg method) could significantly
increase the speeds attained here.
6. Comparison of the Various Methods
At the lower order and accuracies, the one step methods of Runge-
Kutta-Fehlberg and Runge-Kutta-Shanks were superior to the others examined
here. Runge-Kutta-Shanks was somewhat faster than Runge-Kutta-Fehlberg on
orbits number 2 and 3 but the Runge-Kutta-Fehlberg was faster on orbit number i.
At higher orders and accuracies the Runge-Kutta-Fehlberg method continued
to be superior. (Runge-Kutta-Shanks methods of higher order are not available
at this time). At the highest orders the Runge-Kutta-Fehlberg method was
about twice as fast as the Adams method.
7. General Remarks
Apart from the speeds and accuracies exhibited by the various programs,
different methods have their own inherent relative advantages and disadvantages.
All mul_istep methods such as Adams must have a starting procedure to
accumulate a history before the method proper can be applied. These separate
starting procedures take up space in the computer and can be slow. The multi-
step methods must also maintain in memory a long history. Not only must
enough points be maintained to calculate the next point but enough history
must be maintained to be able to double the step size if called for.
Single step methods can start themselves and need maintain no history
of previous values. Also, with the single step methods, any step size change
can be made at any time with almost no effort. The multistep methods find
step size changes quite difficult and time consuming, especially step size
reduction, and any step size change other than halving or doubling especially
laborous.
275
The Runge-Kutta-Shanks and Adams methods have the advantage that they
can be applied directly to any non-linear differential equation with no
preliminary calculations or analysis. On the other hand, both the Runge-
Kutta-Fehlberg and the Lie Series methods require an extensive preliminary
analysis of the particular problem. In the Lie Series case, the higher order
derivatives must be calculated up to maximum order or degree to be used. In
the case of Runge-Kutta-Fehlberg, the recursion relations of the method must
be derived. However, much of this work could be done by the computer through
suitable symbol manipulation or list processor (LISP) type programs. 0nly
the analysis of the variable transformation in the Runge-Kutta-Fehlberg method
that reduces f(y,t) to quadratic form is not yet amenable to computerization.
The Runge-Kutta-Shanks methods have a characteristic disadvantage in that
it is not easy to raise the order of the method above that used here. The
Adams, Lie Series, and Runge-Kutta-Fehlberg methods can all be carried to any
desired order in a straight forward (though often laborous) manner. It is not
at all clear how to go about increasing the order of the Runge-Kutta-Shanks
methods. Furthermore, the number of function evaluations per step increases
rapidly (much faster than the order) as the order is raised.
As a final conclusion the_ it is suggested that in the cases where it
is possible to find the recursion relations, the Runge-Kutta-Fehlberg method
promises to be the most useful research tool for providing high precision
results efficiently.
C. Recommendations
The two most promising methods are the Runge-Kutta-Fehlberg and Runge-
Kutta-Shanks. The Fehlberg method can be improved by using an error control
on the velocity and by a step size change other than halving or doubling.
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The Shanks method can be improved by finding a quicker method of error
estimation. The present study took the samestep twice by two different
order Shanksmethods and comparedthe results. If each step could be taken
only once and perhaps estimate the error by increasing the numberof f_ction
evaluations slightly_ then the speed of the Shanks method could be increased
significantly.
There is no immediate prospect of improving the Adamsmethod as such_
but new multistep methods of high order have been introduced by Graggand
Stetter [22] that promise to be significantly advanced in improving multistep
methods.
The order of the Lie Series method can be increased by increasing the
numberof terms in the series_ but there is somequestion as to whether this
will increase the speed of the method.
D. Summary
This study was an examination of various methods for integrating non-
linear coupled differential equations. The methods used were the following_
A. the single step Lie Series method_
B. the multistep Cowell method_
C. the multistep Adams method_
D. the single step Runge-Kutta-Fehlberg method_
E. the single step Runge-Kutta-Shanks method.
Each of the methods is discussed in detail in this report.
The above methods were applied to the restricted three body problem.
In particular_ Arenstorf orbits of the restricted three body problem were used.
The error in the methods was checked by noting the degree by which the initial
conditions failed to be reproduced at the end of one complete period.
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Programs for each method were written in double precision floating point
arithmetic (23 decimal places) in Extended Algol for the B5000. A series of
runs were madeon three different Arenstorf orbits at various orders from 7 to
16 and accuracies from 10-12 to 10-16 . These results are presented in Tables
V, VI, and VII.
The conclusions reached were that each of the methods, except that of
Cowell, could be considered effective, but the methods of Runge-Kutta-Shanks
and Runge-Kutta-Fehlberg were the best. At the highest accuracies and orders,
where Runge-Kutta-Shanks formulas are not available, the Runge-Kutta-Fehlberg
method was superior.
Respectfu_ submitted,
I. E. Perlin
Project Director
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